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Vector Mechanics for Engineers: Statics

What is Mechanics?

* Mechanics is the science which describes and predicts
the conditions of rest or motion of bodies under the
action of forces.

« Categories of Mechanics:
- Rigid bodies
- Statics
- Dynamics
- Deformable bodies
- Fluids

* Mechanics is an applied science - it is not an abstract
or pure science but does not have the empiricism
found in other engineering sciences.

<
>

e Mechanics is the foundation of most engineering sciences
and 1s an indispensable prerequisite to their study.
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Vector Mechanics for Engineers: Statics

Fundamental Concepts

» Space - associated with the notion of the position of a point P given in
terms of three coordinates measured from a reference point or origin.

» Time - definition of an event requires specification of the time and
position at which 1t occurred.

* Mass - used to characterize and compare bodies, €.g., response to
earth’s gravitational attraction and resistance to changes in translational
motion.

» Force - represents the action of one body on another. A force is
characterized by its point of application, magnitude, and direction, i.e.,
a force 1s a vector quantity.

In Newtonian Mechanics, space, time, and mass are absolute concepts,
independent of each other. Force, however, 1s not independent of the
other three. The force acting on a body is related to the mass of the body
and the variation of its velocity with time.

<
>
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Vector Mechanics for Engineers: Statics
Fundamental Principles

* Newton's First Law: If the resultant force on a
particle 1s zero, the particle will remain at rest
or continue to move 1n a straight line.

* Newton's Second Law: A particle will have
an acceleration proportional to a nonzero
resultant applied force.

—

F =mad

: o Newton s Third Law: The forces of action and
’ reaction between two particles have the same
:/ ol magnitude and line of action with opposite

' — / sense.
/0 e f
' i 1

e Newton s Law of Gravitation: Two particles
are attracted with equal and opposite forces,

M, M
F=G—2m W =mg, g=G—

v R2
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Vector Mechanics for Engineers: Statics
Systems of Units

 International System of Units (SI):
The basic units are length, time, and
mass which are arbitrarily defined as the

» Kinetic Units: length, time, mass, meter (m), second (s), and kilogram
and force. (kg). Force is the derived unit,

F =ma

» Three of the kinetic units, referred to m
as basic units, may be defined IN=( kg)(l s_z)
arbitrarily. The fourth unit, referred
to as a derived unit, must have a
definition compatible with Newton’s
2nd Law,

« U.S. Customary Units:
The basic units are length, time, and
force which are arbitrarily defined as the

foot (ft), second (s), and pound (Ib).
F =mad Mass 1s the derived unit,
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Method of Problem Solution

* Problem Statement:

* Solution Check:

Includes given data, specification of - Test for errors in reasoning by
what is to be determined, and a figure verifying that the units of the
showing all quantities involved. computed results are correct,

» Free-Body Diagrams:

- test for errors in computation by
substituting given data and computed

Create separate diagrams for each of results into previously unused

the bodies involved with a clear equations based on the six principles,
indication of all forces acting on - always apply experience and physical
each body. intuition to assess whether results seem

* Fundamental Principles:

“reasonable”

The six fundamental principles are
applied to express the conditions of
rest or motion of each body. The
rules of algebra are applied to solve

the equations for the unknown
quantities.

Dr. M. Aghayi
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Vector Mechanics for Engineers: Statics
Numerical Accuracy

» The accuracy of a solution depends on 1) accuracy of the given
data, and 2) accuracy of the computations performed. The solution
cannot be more accurate than the less accurate of these two.

» The use of hand calculators and computers generally makes the
accuracy of the computations much greater than the accuracy of the
data. Hence, the solution accuracy is usually limited by the data
accuracy.

* As a general rule for engineering problems, the data are seldom
known with an accuracy greater than 0.2%. Therefore, it is usually
appropriate to record parameters beginning with “1” with four digits
and with three digits 1n all other cases, 1.e., 40.2 1b and 15.58 1b.
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Vector Mechanics for Engineers: Statics
Introduction

» The objective for the current chapter is to investigate the effects of forces
on particles:

- replacing multiple forces acting on a particle with a single
equivalent or resultant force,

- relations between forces acting on a particle that is in a
state of equilibrium.

» The focus on particles does not imply a restriction to miniscule bodies.
Rather, the study i1s restricted to analyses in which the size and shape of
the bodies 1s not significant so that all forces may be assumed to be
applied at a single point.

Dr. M. Aghayi WhatsApp: +989394054409



Vector Mechanics for Engineers: Statics

Resultant of Two Forces

« force: action of one body on another;
characterized by its point of application,
magnitude, line of action, and sense.

» Experimental evidence shows that the
combined effect of two forces may be
represented by a single resultant force.

« The resultant is equivalent to the diagonal of
a parallelogram which contains the two
forces in adjacent legs.

<
>

» Force 1s a vector quantity.
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Vector Mechanics for Engineers: Statics

Vectors

* JVector: parameters possessing magnitude and direction
which add according to the parallelogram law. Examples:
displacements, velocities, accelerations.

* Scalar: parameters possessing magnitude but not
direction. Examples: mass, volume, temperature

p * Vector classifications:

- Fixed or bound vectors have well defined points of
application that cannot be changed without affecting
an analysis.

- Free vectors may be freely moved in space without
changing their effect on an analysis.

. - Sliding vectors may be applied anywhere along their

line of action without affecting an analysis.

» Equal vectors have the same magnitude and direction.

<
>

* Negative vector of a given vector has the same magnitude
P and the opposite direction.
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Addition of Vectors

a—

<
>

(e} ih)

» Trapezoid rule for vector addition
 Triangle rule for vector addition

* Law of cosines,

R? =P? +0Q*-2PQcos B
R=P+0

* Law of sines,
smA smB smC
0 R J2

Vector addition 1S commutative,

P+0=0+P

Vector subtraction
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Vector Mechanics for Engineers: Statics
Addition of Vectors

 Addition of three or more vectors through
repeated application of the triangle rule

* The polygon rule for the addition of three or
more vectors.

* Vector addition is associative,

13+Q+§=(13+Q)+§=13+(Q+§)

» Multiplication of a vector by a scalar
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Vector Mechanics for Engineers: Statics
Resultant of Several Concurrent Forces

» Concurrent forces: set of forces which all
pass through the same point.

A set of concurrent forces applied to a
particle may be replaced by a single
resultant force which 1s the vector sum of the
applied forces.

 Vector force components: two or more force
vectors which, together, have the same effect
as a single force vector.
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Vector Mechanics for Engineers: Statics

Sample Problem 2.1

(1) =60 N

The two forces act on a bolt at
A. Determine their resultant.

Dr. M. Aghayi

SOLUTION:

 Graphical solution - construct a
parallelogram with sides in the same
direction as P and Q and lengths in
proportion. Graphically evaluate the
resultant which is equivalent in direction
and proportional in magnitude to the the
diagonal.

* Trigonometric solution - use the triangle
rule for vector addition in conjunction
with the law of cosines and law of sines
to find the resultant.

WhatsApp: +989394054409



Vector Mechanics for Engineers: Statics
Sample Problem 2.1

 Graphical solution - A parallelogram with sides
equal to P and Q 1s drawn to scale. The
magnitude and direction of the resultant or of
the diagonal to the parallelogram are measured,

R=98N «a=35°

 QGraphical solution - A triangle is drawn with P
and Q head-to-tail and to scale. The magnitude
and direction of the resultant or of the third side
of the triangle are measured,

R=98N a=35°
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Sample Problem 2.1

<
>

Dr. M. Aghayi

G

l:"l Gl N

* Trigonometric solution - Apply the triangle rule.

From the Law of Cosines,

R? = P? +Q2 —2PQcos B
= (40N)* +(60N)* —2(40N)(60N)cos155°

R=97.73N

From the Law of Sines,
sind _sinB
O R
0

sinA=sinB=
R

60N
97.73N

=sin155°
A=15.04°
a=20°+A4
o =35.04°
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Sample Problem 2.2

A barge 1s pulled by two tugboats.

If the resultant of the forces
exerted by the tugboats is 5000 N
directed along the axis of the

barge, determine

a) the tension in each of the ropes
for o = 45°,

b) the value of a for which the

tension 1n rope 2 1s a minimum.

SOLUTION:
 Find a graphical solution by applying the

Parallelogram Rule for vector addition. The
parallelogram has sides in the directions of
the two ropes and a diagonal in the direction
of the barge axis and length proportional to
5000 N.

Find a trigonometric solution by applying
the Triangle Rule for vector addition. With
the magnitude and direction of the resultant
known and the directions of the other two
sides parallel to the ropes given, apply the
Law of Sines to find the rope tensions.

The angle for minimum tension in rope 2 1s
determined by applying the Triangle Rule
and observing the effect of variations in o.
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Vector Mechanics for Engineers: Statics
Sample Problem 2.2

 Graphical solution - Parallelogram Rule
with known resultant direction and

T, N magnitude, known directions for sides.
*
ane 45°70°\ 17; =3700N 7, =2600N
307 5000 N N
B ~ 2
Te o #*  Trigonometric solution - Triangle Rule

with Law of Sines
T 7,  5000N

sin45° sin30° sin105°

T, =3660N T, =2590N
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Vector Mechanics for Engineers: Statics

Sample Problem 2.2

* The angle for minimum tension in rope 2 is
determined by applying the Triangle Rule
and observing the effect of variations in a.

- e The minimum tension in rope 2 occurs when
L . T, and T, are perpendicular.

| 5000 N o
V .
T, =(5000N)sin 30° T, =2500N
RN T; =(5000N)cos 30° T, =4330N
27 S o = 90°—30° o = 60°
o000 N

30°
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Rectangular Components of a Force: Unit Vectors

* May resolve a force vector into perpendicular

components so that the resulting parallelogram is a
rectangle. F, and F, are referred to as rectangular
vector components and

—

F=F +F,

Define perpendicular unit vectors i and j which are
parallel to the x and y axes.

Vector components may be expressed as products of
the unit vectors with the scalar magnitudes of the
vector components.

—
.

F=FJi+F,j

F, and F, are referred to as the scalar components of F
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Vector Mechanics for Engineers: Statics
Addition of Forces by Summing Components

 Wish to find the resultant of 3 or more
concurrent forces,

R=P+0+S

» Resolve each force into rectangular components
Ryi+R,j=Pi+P,j+ quf + Q)+ Sy + SZ]'
=(P,+0,+8S.)i +(Py +0, +Sy)j

* The scalar components of the resultant are
equal to the sum of the corresponding scalar
components of the given forces.

R, =P +0,+S, R,=P,+0,+8§,

:ZFx :ZFy

 To find the resultant magnitude and direction,

R
R=\R} +R; 6’=tan_1R—y
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Vector Mechanics for Engineers: Statics
Sample Problem 2.3

/ SOLUTION:

F,-= ! T :
- Fy =150 N « Resolve each force into rectangular

components.

‘ e Determine the components of the
resultant by adding the corresponding
force components.

;-'I = 100N

 Calculate the magnitude and direction
Four forces act on bolt 4 as shown. of the resultant.
Determine the resultant of the force
on the bolt.
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Sample Problem 2.3

1949.1 N

R=+199.12 +14.32
143N

199.1N

WhatsApp: +989394054409

tan o

Dr. M. Aghayi

SOLUTION:
'f » Resolve each force into rectangular components.
force | mag X —comp y—comp
F | 150 +129.9 +75.0
'“ E, | 80 ~27.4 +75.2
Fy | 110 0 -110.0
b Fy | 100 +96.6 -25.9
R, =+199.1 R, =+143

» Determine the components of the resultant by
adding the corresponding force components.

 Calculate the magnitude and direction.

R=199.6N

oa=4.1°
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Equilibrium of a Particle

* When the resultant of all forces acting on a particle 1s zero, the particle 1s

in equilibrium.

* Newton's First Law: If the resultant force on a particle is zero, the particle will
remain at rest or will continue at constant speed in a straight line.

100 N

100 N

« Particle acted upon by
two forces:

- equal magnitude

<
>

- same line of action

- opposite sense

Dr. M. Aghayi

F,=400 N

3

Fi,=300N

o F,:
A |
F. -_[;1:?4
Y ky=1732 N

« Particle acted upon by three or more forces:

HW) N

- graphical solution yields a closed polygon
- algebraic solution

R=>F=0
>F, =0 YF,=0

WhatsApp: +989394054409




Vector Mechanics for Engineers: Statics
Free-Body Diagrams

Space Diagram: A sketch showing Free-Body Diagram: A sketch showing
the physical conditions of the only the forces on the selected particle.
problem.
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Sample Problem 2.4

In a ship-unloading operation, a
3500-N automobile is supported by
a cable. A rope is tied to the cable
and pulled to center the automobile
over its intended position. What is
the tension in the rope?

<
>

SOLUTION:

» Construct a free-body diagram for the
particle at the junction of the rope and
cable.

» Apply the conditions for equilibrium by
creating a closed polygon from the
forces applied to the particle.

* Apply trigonometric relations to
determine the unknown force
magnitudes.
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Sample Problem 2.4

SOLUTION:

) V] [A] [A]

Dr. M. Aghayi

 Construct a free-body diagram for the
particle at 4.

* Apply the conditions for equilibrium.

» Solve for the unknown force magnitudes.

T Ty 3500N

sin120° sin2° sin58°

T3 =3570N
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Sample Problem 2.5

Determine the magnitude and direction of the smallest force F which will
maintain the package shown in equilibrium. Note that the force exerted by
the rollers on the package is perpendicular to the incline.
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Sample Problem 2.5

W = (30 kg)(9.81 m/s2)
=294 N

f'll —_
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Vector Mechanics for Engineers: Statics
Sample Problem 2.5

Free-Body Diagram. We choose the package as a free body, assuming that
it can be treated as a particle. We draw the corresponding free-body

diagram.

Equilibrium Condition. Since only three forces act on the free body, we
draw a force triangle to express that it is in equilibrium. Line 1-1" represents
the known direction of P. In order to obtain the minimum value of the force
F, we choose the direction of F perpendicular to that of P. From the geom-
etry of the triangle obtained, we find

F = (294 N) sin 15° = 76.1 N 15°

a:
F = 76.1 N b 15°
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Sample Problem 2.6

SOLUTION:

* Choosing the hull as the free body,
draw a free-body diagram.

» Express the condition for equilibrium
for the hull by writing that the sum of
all forces must be zero.

It is desired to determine the drag force
at a given speed on a prototype sailboat
i& hull. A model is placed in a test
channel and three cables are used to

= align its bow on the channel centerline.

For a given speed, the tension is 40 N
| in cable AB and 60 N in cable AE.

* Resolve the vector equilibrium
equation into two component
equations. Solve for the two unknown
cable tensions.

Determine the drag force exerted on the
hull and the tension in cable AC.
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Vector Mechanics for Engineers: Statics
Sample Problem 2.6

SOLUTION:

* Choosing the hull as the free body, draw a
free-body diagram.

tan o =7—m=1.75 tan,b’=1'5—m:O.375
4m 4m

o = 60.25° B =20.56°

» Express the condition for equilibrium
for the hull by writing that the sum of
F, all forces must be zero.

B=20.56°

E:TAB+TAC+TAE+FD =0
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Vector Mechanics for Engineers: Statics
Sample Problem 2.6

« Resolve the vector equilibrium equation into
Ty -c0s 20.56° | two component equations. Solve for the two
ol .
unknown cable tensions.

Y

(40 N )eos 60.26° j

£1-20.56°

L2036 7 5 = ~(40N )sin 60.26° 7 + (40 N )cos 60.26°7
=-(34.73N)7 +(19.84N)7

Tyc =Tycsin20.56°7 +T ¢ c0820.56°]
=0.3512T4 7 +0.9363T ]

T=—(60N)f
FD = FD ;
Fj, =19.66 N
Tie=429N
B=20.56° ,‘ Tag =60 N R=0
= 60.26° =(-34.73+0.3512T 4 + Fp )7
Tig=40N +(19.84+0.9363T .~ —60) 7
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Sample Problem 2.6

Tye =429 N

B=2056° "

"]' \f.; — 'I'“N

Dr. M. Aghayi

Fj=19.66 N

T_”.- — {'!“' \-

o = 60.26°

—

R

0
(-34.73+0.3512Tc + Fp)i
+(19.84+0.9363T 4~ —60) ]

This equation is satisfied only if each component
of the resultant is equal to zero.

> F.=0) 0=-34.73+0.3512T 0 + Fp,
(sz = 0) 0=19.84+0.9363T 4 — 60

TAC :+429N
Fp=+19.66 N
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Rectangular Components in Space

B Bk BA
F,
0 <
-
3 ¢ 4N
F),
JE ¢
e The vector F is « Resolve F' into « Resolve £}, into
contained in the horizontal and vertical rectangular components.
plane OBAC. components. F. = F, cos¢
F, =Fcos0, = F'sin@,, cos ¢
Fj =Fsin6, F, = Fysing
= F'sind,, sin ¢
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Rectangular Components in Space

¥ i i

i . b B

:/13 ¢ :/f-.‘ C :,/f E C
« With the angles between F and the axes,
Fy,=Fcost, F,=Fcosl, F,=Fcosb,

F=Fi+F,j+F,k

= F(cos 6.1 +cosf,, j +cos QZE)
,_ =F1
/ A =cosO,i +cosb, ] +cosb,k

e 1 is a unit vector along the line of action of F
and cos @, cos ¢9y , and cos @, are the direction
cosines for F
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Rectangular Components in Space

Magnitude of a vector using X, v, and z coordinates:
Show that

\F\:\/sz +F’+ F’ (Equation 2.18)

Also show that [cos® 6. + cos’ Hy + cos’ 6. =1 (Equation 2.20)
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Rectangular Components in Space

[ u? o et R
| -
Y /; ‘,l,d" ”ry =iz —

: |
Direction of the force is defined by B s L
the location of two points, A d: =35 - 2, <0
\\

M(xl,yl,zl)and N(Xz,yz,Zz) M(xy, 41, 2¢)

-
fred
—

d = vector joining M and N
=d,i+d,j+dk

Xp=X1 dy,=y,—y d;=zp-1z

dy
F=F

=$( y]+d k)
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Determining Resultants in Space

Determining resultants using x, y, and z rectangular components
Procedure:

Express each force using unit vectors

Add all x components for the total (resultant) x component, i.e., R_=XF_
Add all y components for the total (resultant) y component, 1.e., R, =2F/
Add all z components for the total (resultant) z component, 1.e., R, = 2F,
Express the final result as:

A S

R=Ri+Rj+Rk
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Sample Problem 2.7

B

80

SOLUTION:

» Based on the relative locations of the
points 4 and B, determine the unit
vector pointing from 4 towards B.

» Apply the unit vector to determine the
components of the force acting on 4.

* Noting that the components of the unit
vector are the direction cosines for the

The tension in the guy wire 1s 2500 N. vector, calculate the corresponding

Determine:

angles.

a) components F,, F, F, of the force

acting on the bolt at A4,

b) the angles 0, 6, 6, defining the

direction of the force

Dr. M. Aghayi
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Vector Mechanics for Engineers: Statics
Sample Problem 2.7

SOLUTION:

* Determine the unit vector pointing from 4
towards B

AB =(-40m)7 +(80m);/ +(30m)k

o AB = /(= 40m)? +(80m)? +(30m)?
/ \/ =943 m
: | e A= (_—40) ( 50 j] +( 30 jk
bt 943) 1943)" 943

= —0.4247 +0.8487 +0.318k

» Determine the components of the force.
F=FJ
= (2500 N)(—0.4247 +0.8487 +0.318%)
= (=1060N)7 +(2120N)j +(795N)k
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Sample Problem 2.7

 Noting that the components of the unit vector are
the direction cosines for the vector, calculate the
corresponding angles.
A =cosf, i +cosb,+cosb k

=—0.4247 +0.8487 +0.318k

6, =115.1°
0, =32.0°
6. =71.5°
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Sample Problem 2.8

A wall section of precast concrete is temporarily held by the cables shown.
Knowing that the tension is 840 1b in cable AB and 1200 1b in cable AC,
determine the magnitude and direction of the resultant of the forces exerted

by cables AB and AC on stake A.
e
o1

211t g f

/Lt

Dr. M. Aghayi WhatsApp: +989394054409



Vector Mechanics for Engineers: Statics

Sample Problem 2.8

C

! T ac= (1200 Ib) Asc
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Sample Problem 2.8

Components of the Forces. The force exerted by each cable on stake A
will be resolved into x, y, and z components. We first determine the com-

ponents and magnitude of the vectors AB and AC , measuring them from
A toward the wall section. Denoting by i, j, k the unit vectors along the
coordinate axes, we write

AB = —(16ft)i + (8ft)j + (11 fok  AB = 21 f

AC = —(16ft)i + (8 ft)j — (16 ft)k AC =24 ft

Denoting by A,z the unit vector along AB, we have

S
AB 840 le
AB 21 ft

Tip = TABI—AB = Tz
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Sample Problem 2.8

al _> -
Substituting the expression found for AB, we obtain

840 1b -
B = = i + (8ft)j +
Tas SiE [—(16 ft)i + (8 ft)j + (11 ft)k]

T,z = —(640 Ib)i + (320 Ib)j + (440 Ib)k

Denoting by A, the unit vector along AC, we obtain in a similar way

-~ R _TE_HUG“’_’
ac = Lactac = lacy ~ = T

T\ = —(800 Ib)i + (400 Ib)j — (800 Ib)k
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Sample Problem 2.8

Resultant of the Forces. The resultant R of the forces exerted by the two
cables is

R = Ty + Ty = —(1440 Ib)i + (720 Ib)j — (360 Ib)k
The magnitude and direction of the resultant are now determined:

R= 2R + R + R = 2(—1440)° + (720)* + (—360)’

R = 1650 Ib
From Egqs. (2.33) we obtain

& , B —14401b ’ R, +7201b
CETR T 1650 Y R 16501b
@ R 360 1

R )

< u_ — Z =
D =T R T 16501b
Calculating successively each quotient and its arc cosine, we have
g y q

u, = 150.8° u_’,f = 64.1° U, = 102.6°
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Equilibrium in Space

Equilibrium of a particle in space

If an object in 1s equilibrium and if the problem is represented in three dimensions,
then the relationship ZF = 0 can be expressed as:

SF_ =0
SF, =0
SF,=0
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Sample Problem 2.9

A 200-kg cylinder is hung by means of two cables AB and AC, which are
attached to the top of a vertical wall. A horizontal force P perpendicular to
the wall holds the cylinder in the position shown. Determine the magnitude
of P and the tension in each cable.
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Sample Problem 2.9
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Sample Problem 2.9

Free-Body Diagram. Point A is chosen as a free body; this point is sub-
jected to four forces, three of which are of unknown magnitude.
Introducing the unit vectors i, j, k, we resolve each force into rect-
angular components.
P=Pi
W = —mgj = —(200 kg)(9.81 m/s*)j = —(1962 N)j
In the case of Ty and T,¢, it is necessary first to determine the com-

(1)

4 — —
ponents and magnitudes of the vectors AB and AC. Denoting by L,z the
unit vector along AB, we write

AB = —(12m)i + (10m)j + (Sm)k  AB = 12.862m
. _ _AB
A 12,862 m

= —0.09330i + 0.7775j + 0.6220k
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Sample Problem 2.9

(R

Tap = Taglag = —0.09330T 51 + 0.7775Tsj + 0.6220T1sk  (2)

Denoting by A,¢ the unit vector along AC, we write in a similar way
AC = —(12m)i+ (10m)j — (10m)k  AC = 14.193m
xR

14.193 m

TAC S TIACAA(I — _0.08415*5T4{:i = 07(}46T4(Jj — 0?0461}1(’[( (3)

AC

= —0.08455i + 0.70465 — 0.7046k
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Sample Problem 2.9

Equilibrium Condition. Since A is in equilibrium, we must have
EF:'O TAB'FTAG"'P'I'W:O
or, substituting from (1), (2), (3) for the forces and factoring i, j, k,

(—0.09330T,5 — 0.08455T, + P)i
+ (0.7775Ts + 0.7046T,c — 1962 N)j
+ (0.6220T,5 — 0.7046T )k = 0

Setting the coefficients of i, j, k equal to zero, we write three scalar equa-
tions, which express that the sums of the x, y, and z components of the
forces are respectively equal to zero.

(SF. = 0:)  —0.09330T,5 — 0.08455T, + P = 0

(SF, = 0:)  +0.7775T, + 0.7046T,c — 1962 N = 0

(SF. = 0:)  +0.6220T,5 — 0.7046T;c = 0

Solving these equations, we obtain
> =935 N Tap = 1402 N T, = 1238 N

<
>
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Introduction

* Treatment of a body as a single particle 1s not always possible. In
general, the size of the body and the specific points of application of the
forces must be considered.

* Most bodies in elementary mechanics are assumed to be rigid, 1.e., the
actual deformations are small and do not affect the conditions of
equilibrium or motion of the body.

« Current chapter describes the effect of forces exerted on a rigid body and
how to replace a given system of forces with a simpler equivalent system.

« moment of a force about a point

* moment of a force about an axis

« moment due to a couple

* Any system of forces acting on a rigid body can be replaced by an
equivalent system consisting of one force acting at a given point and one
couple.

<
>
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External and Internal Forces

» Forces acting on rigid bodies are
divided into two groups:

- External forces
- Internal forces

» External forces are shown in a
free-body diagram.

 If unopposed, each external force
can impart a motion of
translation or rotation, or both.
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Principle of Transmissibility: Equivalent Forces

F,

 Principle of Transmissibility -
Conditions of equilibrium or motion are
not affected by transmitting a force
along its line of action.
NOTE: F and F’ are equivalent forces.

* Moving the point of application of
the force F to the rear bumper
does not affect the motion or the
other forces acting on the truck.

* Principle of transmissibility may ‘TET” = % -
not always apply in determining (@ (b)
internal forces and deformations.
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Vector Product of Two Vectors

« Concept of the moment of a force about a point is
more easily understood through applications of
the vector product or cross product.

* Vector product of two vectors P and @ is defined

as the vector V which satisfies the following
conditions:

1. Line of action of ¥ 1s perpendicular to plane
containing P and Q.

ray 2.Magnitude of V'is V' = PQsin 0
3. Direction of ¥ 1s obtained from the right-hand
rule.

> » Vector products:

- are not commutative, @x P =—(PxQ)

- are distributive, Px(Q;+0,)=PxQ +PxQ,
- are not associative, (PxQ)xS8 = Px(Qx.S)
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Vector Products: Rectangular Components

 Vector products of Cartesian unit vectors,

ixi =0 jxi=—k kxi=]j

=k  jxj=0 kxj=—
=—7 Jjxk=i kxk=0

» Vector products in terms of rectangular
coordinates

—

V=(Pxf+Py7+PzE)X(Qxl?+Qy7+QZl€)

:(PyQZ _P2Qy)17+(PzQx _PxQZ)j
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Moment of a Force About a Point

A force vector 1s defined by its magnitude and
direction. Its effect on the rigid body also depends
on it point of application.

e The moment of F about O 1s defined as
MO =r X F

* The moment vector M, 1s perpendicular to the
plane containing O and the force F.

pay Magnitude of M, measures the tendency of the force
to cause rotation of the body about an axis along M, Mo
My =rFsin@ =Fd ‘kX7

The sense of the moment may be determined by the o

< |
B right-hand rule. A

* Any force F’ that has the same magnitude and
direction as F, is equivalent 1f 1t also has the same line
of action and therefore, produces the same moment.
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) V] [A] [A]

Moment of a Force About a Point

i ]
r-» Besla.ir

Two-dimensional structures have length and breadth but
negligible depth and are subjected to forces contained in
the plane of the structure.

The plane of the structure contains the point O and the
force F. M, the moment of the force about O is
perpendicular to the plane.

(a) M=+ Fd

If the force tends to rotate the structure
counterclockwise, the sense of the moment vector is out
of the plane of the structure and the magnitude of the
moment is positive.

If the force tends to rotate the structure clockwise, the
sense of the moment vector is into the plane of the

structure and the magnitude of the moment is negative. (b) Mp=-Fd
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Varignon’'s Theorem

» The moment about a give point O of the
resultant of several concurrent forces 1s equal
to the sum of the moments of the various
moments about the same point O.

Fx (B + Fy )= F X +F x Fy 4+

» Varigon’s Theorem makes it possible to
replace the direct determination of the
moment of a force F by the moments of two
or more component forces of F.
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Rectangular Components of the Moment of a Force

u

The moment of F about O,
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Rectangular Components of the Moment of a Force

y
The moment of F about B,
MB=77’A/B><F
Fyp =V~ Ty
:(xA_xB)7+(yA_YB)j+(ZA_ZB)E
F=Fi+Fj+Fk Y
@ — — —
) i Jj k
@ MB=(XA xB) (J’A J/B) (ZA ZB)
E F. F, F,

Dr. M. Aghayi WhatsApp: +989394054409

. o Byl
(A —Upl) A

Ua/n

B ¥ — [_'L'__;‘ —IH}II

F.k




Vector Mechanics for Engineers: Statics

Rectangular Components of the Moment of a Force

For two-dimensional structures,

MO =(xFy —ny)l;
M,=M,
=xF, —yF,
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Sample Problem 3.1

A 1001b vertical force 1s applied to the end of a
lever which is attached to a shaft at O.

Determine:
a) The moment of the 1001lb force about O,

b) horizontal force at A which creates the same
moment about O,

c) smallest force at A which produces the same
moment about O,

d) location for a 240 b vertical force to produce
the same moment about O,

¢) whether any of the forces from b, ¢, and d is
equivalent to the original force.
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Sample Problem 3.1

a) Moment about O is equal to the product of the
force and the perpendicular distance between the
line of action of the force and O. Since the force
tends to rotate the lever clockwise, the moment
vector is into the plane of the paper.

M, =Fd
d =(24in)cos60° =12 in.
M, =(100 1b)(12 in.)

M, =1200 Ib.in.
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Sample Problem 3.1

Vector Mechanics for Engineers: Statics

b) Horizontal force at 4 that produces the same
moment,

d =(24 in.)sin 60° = 20.8 in.
M, =Fd
1200 Ib-in. = F (20.8 in.)

1200 Ib-in

0.8 1in.

F =57.7b

Dr. M. Aghayi
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Sample Problem 3.1

c) The smallest force 4 to produce the same moment
occurs when the perpendicular distance 1s a
maximum or when F'1s perpendicular to OA.

M, =Fd
1200 Ib -in. :F(24 in.)
P 1200 lp-in.
24 1n.
F=501b
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Sample Problem 3.1

d) To determine the point of application of a 240 1b
force to produce the same moment,

M, =Fd
1200 Ib-in. = (240 Ib)d
;1200 1b-in. _

240 Ib
OB co0s60° =5 1n.

OB =10 1n.

Dr. M. Aghayi WhatsApp: +989394054409



Vector Mechanics for Engineers: Statics
Sample Problem 3.1

e) Although each of the forces in parts b), ¢), and d)
produces the same moment as the 450 N force, none
are of the same magnitude and sense, or on the same

line of action. None of the forces is equivalent to the
450 N force.
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Sample Problem 3.2

A force of 800 N acts on a bracket as shown. Determine the moment of the
force about B.
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Sample Problem 3.2

The moment My of the force F about B is obtained by forming the vector
pmduct

MH — YA/B XF

where ry/z is the vector drawn from B to A. Resolving r,,z and F into
rectangular components, we have

ryp = —(0.2 m)i + (0.16 m)j
F = (800 N) cos 60° + (800 N) sin 60°
= (400 N)i + (693 N)j
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Sample Problem 3.2

F,=(693 N)j
y=! )_J_ F =800 N

|
|
IF, = (400 N)i

A

+ (0.16 m) j
A
<
>

Dr. M. Aghayi WhatsApp: +989394054409



Vector Mechanics for Engineers: Statics

Sample Problem 3.2

Recalling the relations (3.7) for the cross products of unit vectors (Sec. 3.5),
we obtain

Mg = ryp X F = [—(0.2 m)i + (0.16 m)j] x [(400 N)i + (693 N)j]
= —(1386 N - m)k — (640 N - m)k
= —(202.6 N - mk Mg =203 N - m i

The moment My is a vector perpendicular to the plane of the figure and
pointing into the paper.
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Sample Problem 3.3

A 30-Ib force acts on the end of the 3-ft lever as shown. Determine the
moment of the force about O.
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Sample Problem 3.3
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Sample Problem 3.3

The force is replaced by two components, one component P in the direction
of OA and one component Q perpendicular to OA. Since O is on the line
of action of P, the moment of P about O is zero and the moment of the
30-Ib force reduces to the moment of Q, which is clockwise and, thus, is
represented by a negative scalar.

O = (30 Ib) sin 20° = 10.26 Ib
My = —Q(3 ft) = —(10.26 Ib)(3 ft) = —30.8 Ib - ft

Since the value obtained for the scalar M is negative, the moment M
points info the paper. We write

M, =3081b - fti

Dr. M. Aghayi WhatsApp: +989394054409



Vector Mechanics for Engineers: Statics

Sample Problem 3.4

£

The rectangular plate is supported by
the brackets at 4 and B and by a wire
CD. Knowing that the tension in the
wire 1s 200 N, determine the moment
about A of the force exerted by the
wire at C.

) V] [A] [A]

SOLUTION:

The moment M, of the force F exerted
by the wire is obtained by evaluating
the vector product,
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Sample Problem 3.4
d SOLUTION:

0.08'm 0.3m

—

MA:FC/AXF’

i, =7 —7, =(03m)i +(0.08 m)k

F=F1=(200N)-“~ CL
Fe/p
)—(0.3 m)i +(0.24m)j —(0.32 m)k
0.5m
=—(120N)7 +(96 N)j — (128 N)k

= (200N

i ]k
M,=/03 0 008
~-120 96 -—128

¢ F=(200N)\ .

M, =—(7.68N-m)i +(28.8N-m);j +(28.8 N-m)k
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Scalar Product of Two Vectors

» The scalar product or dot product between
two vectors P and Q 1s defined as Q

PeQ=PQcost (scalar result)

 Scalar products:
- are commutative, Pe(Q=(QeP
- are distributive,  Pe (Q1 +0, ) —Pe( +Pe(,

- are not associative, (P . Q)o S =undefined
 Scalar products with Cartesian unit components,
Pe(Q= (Pj+PJ+Pf)o (Qx7+Qy]+QZI€)
iei=1 jej=1 kek=1 iej=0 jek=0 kei=0
Pe0=PQO +P0O, +PO,

PeP=P+P +P’ =P’
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Scalar Product of Two Vectors: Applications

» Angle between two vectors: Q

PeQ=PQcos=P0, +P0O, +PO. 6
PO +P + P
cosf = L RO, + RO, :
PQ

» Projection of a vector on a given axis:

cos @ = projection of P along OL
= PQcos0=PF,,0
PO A+PO +FPQ.
Q

» For an axis defined by a unit vector:
P, =Pe]
=P .cos6, + P, cosf, + P coso.

S ~o ’“Ul Q’“U
(61 th ||

=PcosO=PF,, =
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Mixed Triple Product of Three Vectors

» Mixed triple product of three vectors,
Se (P X Q) = scalar result

* The six mixed triple products formed from §, P, and
0 have equal magnitudes but not the same sign,

Se(Px0)=Pe(0x3)=00(5xP)
=-Se(0xP)=-Pe(Sx0)=-0e(Px5)

 Evaluating the mixed triple product,
Se(PxQ)=S,(P0.-P.0,)+S, (P.0,-PQ.)
+5, (PO, -P,0, )

S S, S

X y z

=\p, P P
0. 0, 0.
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Moment of a Force About a Given Axis

* Moment M, of a force F applied at the point 4 g
about a point O,

—

MO:?'XF

* Scalar moment M, about an axis OL is the
projection of the moment vector M, onto the
axis,

MOLZ/TOMO=ZO(I7><F')

 Moments of F about the coordinate axes,

M, =yF, —zF,
M, =zF —xF,
M, =xF, - yF,
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Moment of a Force About a Given Axis

 Moment of a force about an arbitrary axis,

éu

MBL

(’” 4/B % )

rA/B =7, —Ty

x  The result is independent of the point B
along the given axis.
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Sample Problem 3.5

A cube i1s acted on by a force P as
shown. Determine the moment of P

a) about 4
b) about the edge 4B and
c) about the diagonal AG of the cube.

d) Determine the perpendicular distance
between AG and FC.
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Vector Mechanics for Engineers: Statics

 Moment of P about A4,

« Moment of P about 4B,
M ;= i MA

=fo(07\5j(f+}+l€

M ;=

aP

J2

Dr. M. Aghayi
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Sample Problem 3.5

« Moment of P about the diagonal 4G,
M ,; = AeM y

/T—FA/G _ai—aj—ak 1 (-,.

W, =+ +F)
Moo= ([ =7-F)e T+ +F)
:%(I_l_l)
M g __ang

Dr. M. Aghayi
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Sample Problem 3.5

» Perpendicular distance between AG and FC,

— - P - > 1 g = " P
41) ] P'lzﬁ(]—k).ﬁ(l —]—k)=%(0—1+1)
A | B
Ol = ¢ - Therefore, P 1s perpendicular to AG.
Bl aP
/ F \MAG\zﬁ:Pd
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Moment of a Couple

* Two forces F and -F having the same magnitude, _F

parallel lines of action, and opposite sense are said

to form a couple. /
 Moment of the couple, y

M =rFsin@ = Fd

« The moment vector of the couple 1s
independent of the choice of the origin of the
coordinate axes, 1.e., it 1S a free vector that can
be applied at any point with the same effect.

Dr. M. Aghayi WhatsApp: +989394054409



Vector Mechanics for Engineers: Statics
Moment of a Couple

Two couples will have equal moments 1f
* Fid, =Fyd,
* the two couples lie in parallel planes, and

* the two couples have the same sense or
the tendency to cause rotation in the same
direction.
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Addition of Couples

 Consider two intersecting planes P, and F,
P, with each containing a couple |

—_

M, =7 x F, inplane P
M, =7 x F, in plane P,

» Resultants of the vectors also form a
couple

M =FxR (

|

+F,)

”111
+
“111

« Sum of two couples 1s also a couple that is equal
to the vector sum of the two couples
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Couples Can Be Represented by Vectors

? 4 Mf (M = Fd) y , y
e | PR &
@ di/ H &Z;‘i M,
‘__H‘M// F — ‘""“'\..w.‘__v/ i —_— LL)
)
0 y 9 - }’ : 2 —
/ h’lq X
= Z 4 2 =

» A couple can be represented by a vector with magnitude
and direction equal to the moment of the couple.

» Couple vectors obey the law of addition of vectors.

* Couple vectors are free vectors, i.e., the point of application
1s not significant.

<
>

» Couple vectors may be resolved into component vectors.
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Resolution of a Force Into a Force at O and a Couple

~-F

* Force vector F can not be simply moved to O without modifying its
action on the body.

» Attaching equal and opposite force vectors at O produces no net
effect on the body.

» The three forces may be replaced by an equivalent force vector and
couple vector, 1.e, a force-couple system.
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Resolution of a Force Into a Force at O and a Couple

* Moving F from A to a different point O’ requires the
addition of a different couple vector M,

—

M, =F'xF

 The moments of F about O and O’ are related,

—

M, =7"xF =(F+5)xF=FxF+§xF
=M, +5xF

<
>

* Moving the force-couple system from O to O’ requires the
addition of the moment of the force at O about O".
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Sample Problem 3.6
y SOLUTION:

« Attach equal and opposite 20 Ib forces in
the +x direction at 4, thereby producing 3
couples for which the moment components
are easily computed.

20 Ib
« Alternatively, compute the sum of the
moments of the four forces about an
- arbitrary single point. The point D 1s a
1 Wl good choice as only two of the forces will
produce non-zero moment contributions..

Determine the components of the
single couple equivalent to the
couples shown.
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Sample Problem 3.6

 Attach equal and opposite 20 Ib forces
in the +x direction at A

« The three couples may be represented by
three couple vectors,

M_=—(301b)18in.)=—5401b-in.
M, =+(201b)(12in.) = +240Ib-in.
M. =+(201b)9in.)=+1801b-in.

M =—(5401b-in.)i +(2401b-in.)
+(1801b-in.)k

\A-l
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Sample Problem 3.6

y « Alternatively, compute the sum of the
moments of the four forces about D.

* Only the forces at C and E contribute to
the moment about D.

M =M, =(18in.)j x(=301b)k
+]9in.)7 - (12in)E |x (= 201b)7

M =—(5401b-in.)i +(240Ib-in.);
+(1801b-in. )k
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Sample Problem 3.7

Replace the couple and force shown by an equivalent single force applied
to the lever. Determine the distance from the shaft to the point of applica-
tion of this equivalent force.
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Sample Problem 3.7

First the given force and couple are replaced by an equivalent force-couple
system at O. We move the force F = —(400 N)j to O and at the same time
add a couple of moment My, equal to the moment about O of the force in
its original position.

M, = O_B} X F = [(0.150m)i + (0.260m)j] X (—400N);j
= — (60N - m)k

/)

a /
/ =— (400 N) |
260 mm ,,f ,

/
> (fj
— (24 N-m)k ‘/O (60 N:m) k
150mm ~ (24 N'm)k
(400 N) j
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Sample Problem 3.7
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Sample Problem 3.7

This couple is added to the couple of moment —(24 N - m)k formed by the
two 200-N forces, and a couple of moment —(84 N - m)k is obtained. This
last couple can be eliminated by applying F at a point C chosen in such a
way that

— (84N - m)k = OC X F
= [(OC) cos 60°i + (OC) sin 60°j] x (—400N)j
= —(0C)cos 60°(400N )k

We conclude that

(OC) cos 60° = 0.210 m = 210 mm OC = 420 mm
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Sample Problem 3.7

/"} — (24 N-m) k
B B

S

- (24 N-m)k//; (400 N); // N
(e | &
0 O

150 mm
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Sample Problem 3.7

Alternative Solution. Since the effect of a couple does not depend on its
location, the couple of moment —(24 N - m)k can be moved to B; we thus
obtain a force-couple system at B. The couple can now be eliminated by
applying F at a point C chosen in such a way that

—(24N -m)k = BC X F
= —(BC) cos 60°(400N)k

We conclude that

(BC) cos 60° = 0.060 m = 60 mm BC = 120 mm
OC = OB + BC = 300 mm + 120 mm OC = 420 mm
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System of Forces: Reduction to a Force and Couple

Il

Ml/

» A system of forces may be replaced by a collection of
force-couple systems acting a given point O

» The force and couple vectors may be combined into a
resultant force vector and a resultant couple vector,

R=YF "= (xF)

 The force-couple system at O may be moved to O’
with the addition of the moment of R about O,

ML=M}+5xR

» Two systems of forces are equivalent if they can be
reduced to the same force-couple system.
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Further Reduction of a System of Forces

e If the resultant force and couple at O are mutually
perpendicular, they can be replaced by a single force acting
along a new line of action.

 The resultant force-couple system for a system of forces
will be mutually perpendicular if:
1) the forces are concurrent,
2) the forces are coplanar, or
3) the forces are parallel.
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Further Reduction of a System of Forces

» System of coplanar forces 1s reduced to a
force-couple system Rand M} that is
mutually perpendicular.

« System can be reduced to a single force
by moving the line of action of R until
its moment about O becomes M

 In terms of rectangular coordinates,
R
xR, —yR, =M,

) V] [A] [A]

g m
ES -h'f:'_l 'IIRJ.'
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Sample Problem 3.8

Vector Mechanics for Engineers: Statics

150 N 600 N 100 N

For the beam, reduce the system of
forces shown to (a) an equivalent
force-couple system at 4, (b) an
equivalent force couple system at B,
and (c) a single force or resultant.

Note: Since the support reactions are
not included, the given system will

not maintain the beam in equilibrium.

Dr. M. Aghayi

SOLUTION:

a) Compute the resultant force for the
forces shown and the resultant
couple for the moments of the
forces about A.

b) Find an equivalent force-couple
system at B based on the force-
couple system at A4.

¢) Determine the point of application
for the resultant force such that its
moment about A4 is equal to the
resultant couple at A.
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Sample Problem 3.8

150  -600j 100]

t*... ' oy po i ottt
A T e R e

16—

281

~ (600 N) j

@(‘

~ (1880 N-m) k

Dr. M. Aghayi

SOLUTION:

a) Compute the resultant force and the
resultant couple at A4.

R=>F
=(150N)j —(600N)7 +(100N)j —(250N);

[

R=—(600N);

M} =% (FxF)
(1.67)x (— 6007 )+ (2.87 )x(1007)
+(4.87)x(~2505)

M*® =—(1880N-m)k
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Sample Problem 3.8

~ (600 N) j b) Find an equivalent force-couple system at B
,‘ based on the force-couple system at A.
( ' — The force is unchanged by the movement of the
- (1880 N+m) k force-couple system from A4 to B.
R =—(600N);
— (1880 N+m) k h{i N
( AETT ) The couple at B is equal to the moment about B

of the force-couple system found at 4.
4.8 m fZ‘shﬂ N-+m)

_ (600 N) = —(1880N-m)k +(—4.8m)i x(—600N)7
M — J ) =—(1880N-m)k +(2880 N -m)k

(m(m Nem) Mg = +(1000N-m)/€

<
>
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Sample Problem 3.8

— (600 N) j

B

Al |
M

c. Single Force or Resultant. The resultant of the given system of forces
is equal to R, and its point of application must be such that the moment of
R about A is equal to M. We write

r X R = M}
xi X (—600 N)j = —(1880 N - m)k
—x(600 N)k = —(1880 N - m)k

and conclude that x = 3.13 m. Thus, the single force equivalent to the given
system is defined as

R = 600 Nw r = 3.13 m
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Sample Problem 3.9

Four tugboats are used to bring an ocean liner to its pier. Each tugboat
exerts a 5000-1b force in the direction shown. Determine (a) the equivalent
force-couple system at the foremast O, (b) the point on the hull where a
single, more powerful tugboat should push to produce the same effect as
the original four tugboats.
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Sample Problem 3.9

a. Force-Couple System at O. Each of the given forces is resolved into
components in the diagram shown (kip units are used). The force-couple
system at O equivalent to the given system of forces consists of a force R

and a couple My, defined as follows:

R = 3F
= (2.50i — 4.33j) + (3.00i — 4.00§) + (=5.00§) + (3.54i + 3.54j)
= 9.04i — 9.79

433 F. -4 -5]
3 4.33] F '!{ FEJ(
l 25i y 31

50ft . |90ft| 100 100 | 100, 70 ft
S 200 ft o

| Ol ft|ft |
110t —— — -
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Sample Problem 3.9

M§ = 3(r X F)
= (—90i + 50§) X (2.50i — 4.33j)
+ (100i + 70§) X (3.00i — 4.00j)
+ (400i + 70§) X (—5.005)
+ (300i — 70§) % (3.54i + 3.54j)
= (390 — 125 — 400 — 210 — 2000 + 1062 + 248)k
= —1035k

i8] The equivalent force-couple system at O is thus
R = (9.04 kips)i — (9.79 kips)j M}, = —(1035 kip - ft)k
= or R = 13.33 kips ¢ 47.3° M35 = 1035 kip - ft i
S | ]
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Sample Problem 3.9

MS5= -1035k

f* ) 9.04;._“'
) :

1

I

1

|

-9.79j

Remark. Since all the forces are contained in the plane of the figure,
we could have expected the sum of their moments to be perpendicular to
that plane. Note that the moment of each force component could have been
obtained directly from the diagram by first forming the product of its mag-
nitude and perpendicular distance to O and then assigning to this product
a positive or a negative sign depending upon the sense of the moment.
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Sample Problem 3.9

R -979j

e

9.041 i 70 ft
(@]
0

X

|

b. Single Tugboat. The force exerted by a single tughoat must be equal
to R, and its point of application A must be such that the moment of R
w1 about O is equal to M{. Observing that the position vector of A is

r = xi + 70j

r X R= M}
(xi + 70§) X (9.04i — 9.79j) = —1035k
—x(9.79)k — 633k = —1035k «x = 41.1 ft

< |
we write
>
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Sample Problem 3.10

100 mm @

TBmm |, 450 1ENH) N SOLUTION

» Determine the relative position vectors
for the points of application of the
cable forces with respect to A4.

Resolve the forces into rectangular

= B

-f, |
/ 100 mm ~ \
I.

E{150 mm, =50 mm, 100 mm)

Three cables are attached to the
bracket as shown. Replace the
forces with an equivalent force-
couple system at 4.

Dr. M. Aghayi

components.

Compute the equivalent force,
R=YF

Compute the equivalent couple,
M =3 (FxF)
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Sample Problem 3.10

L)

* Resolve the forces into rectangular

components.
F, =(700N)A
7_TEs _ 751 —1507 + 50k
Vg 175

=0.4297 —0.857/ +0.289%
F, =3007 —600; +200k (N)

[ ]
E{150 mm, =50 mm, 100 mm)

&y SOLUTION:

* Determine the relative position Fo= (1000 N) (COS 457 —cos 45k )
< vectors with respect to A4. 9077 707K (N)

B 7, =0.075{ +0.050k (m)
.., =0.0757 —0.050k (m)
Fp . =0.1007 —0.100 (m)

F, = (1200 N)(cos 607 +cos30)
= 6007 +1039; (N)
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Sample Problem 3.10

« Compute the equivalent force,
R=YF
=(300+707+600)i
+(-600+1039);

+(200-707)k

R=1607i +4397 —-507k (N)

’|

@ (1768 N=m| j t‘_‘
(43N] j
(1159 N-m) k_
5 A -

Dr. M. Aghayi

M} =Y (FxF)

g4 XF p=

Yei4 xXF =

—
.

i
0.075
300

—
o

I
0.075
707

—
3

i
0.100
600

« Compute the equivalent couple,

Fi k
0  0.050 =307 —45k
—600 200

—

J Kk
0 -0.050=17.68]
0 =707

i k
~0.100 0/ =163.9%
1039 0

M® =307 +17.687 +118.9k
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Sample Problem 3.11

A square foundation mat supports the four columns shown. Determine the
magnitude and point of application of the resultant of the four loads.
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Sample Problem 3.11

R = 2F

We first reduce the given system of forces to a force-couple system at the
origin O of the coordinate system. This force-couple system consists of a
force R and a couple vector Mg defined as follows:

M2 = 3(r X F)

The position vectors of the points of application of the various forces are
determined, and the computations are arranged in tabular form.

r, ft F, kips r X F, kip - ft
0 —40j 0
10i —-12j — 120k
10i + 5k —8j 40i — 80k
4i + 10k —20j 200i — 80k
R = —80j Mg = 240i — 280k

Dr. M. Aghayi
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Sample Problem 3.11

Since the force R and the couple vector Mg, are mutually perpendicu-
lar, the force-couple system obtained can be reduced further to a single force
R. The new point of application of R will be selected in the plane of the mat
and in such a way that the moment of R about O will be equal to M¢. Denot-
ing by r the position vector of the desired point of application, and by x and
z its coordinates, we write

r Xx R =M%
(xi + zk) X (—80j) = 240i — 280k
—80xk + 80zi = 2401 — 280k

from which it follows that

—80x = —280 80z = 240
x = 3.50 ft z = 3.00 ft

<
>

We conclude that the resultant of the given system of forces is

R = 80 kipsw at x = 3.50 ft, z = 3.00 ft
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Sample Problem 3.12

Two forces of the same magnitude P act on a cube of side a as shown.
Replace the two forces by an equivalent wrench, and determine (@) the
magnitude and direction of the resultant force R, (b) the pitch of the
wrench, (¢) the point where the axis of the wrench intersects the yz plane.
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Sample Problem 3.12

Equivalent Force-Couple System at O. We first determine the equivalent

force-couple system at the origin O. We observe that the position vectors

of the points of application E and D of the two given forces are ry =

ai + aj and rp = aj + ak. The resultant R of the two forces and their
R

moment resultant M, about O are

R=F, +F,=Pi+ Pj= Pl +j) (1)
Mj =1z X Fy + rp X Fy = (ai + aj) X Pi + (aj + ak) X Pj
= —Pak — Pai = —Pali + k) (2)

a. Resultant Force R. It follows from Eq. (1) and the adjoining sketch
that the resultant force R has the magnitude R = P12, lies in the xy plane,
and forms angles of 45° with the x and y axes. Thus

R=P12 u,=u, =45 u =90°
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Sample Problem 3.12

Dr. M. Aghayi
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Sample Problem 3.12

b. Pitch of Wrench. Recalling formula (3.62) of Sec. 3.21 and Egs. (1)
and (2) above, we write
_R-Mg_P(i+j)'(_Pﬂ)(i+k) —Pa(14+0+0) a

— }}:——

R (P22)? 2P’ 2

P

c. Axis of Wrench. Tt follows from the above and from Eq. (3.61) that the
wrench consists of the force R found in (1) and the couple vector

i
&l M, =pR = —%P(i +j) = —?a 1+ j) (3)

express that the moment of the wrench about O is equal to the moment

S| To find the point where the axis of the wrench intersects the yz plane, we
resultant Mg of the original system:

M, +rXR=M
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Sample Problem 3.12

or, noting that r = yj + zk and substituting for R, Mg, and M, from Egs.
(1), (2), and (3),

P
—7”( +3§) + (yj + zk) X P(i + j) = —Pa(i + k)

P P
—‘?ﬂl — —a"] — Pyk + Pzj — Pzi = —Pai — Pak
]
Equating the coefficients of k, and then the coefficients of j, we find
< y = a z = al2
>
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Introduction

Chapter 4 — Systems of Forces and Moments

Ch. 2: Forces were applied at a single point, so equilibrium would occur if XF =0
Ch. 4: Forces are applied at various points. In some cases, these forces will give the object

a tendency to rotate and XF = 0 is not enough to insure equilibrium.

100lb —P| @0 €— 1001b 100l —P>( @
g® g® [€— 1001b
Case 1: The objectis in equilibrium Case 2: The objectis NOT in equilibrium
SF=0 XF=0

equal zero, indicating that there is no tendency to rotate.

So the general conditions for equilibrium are:

In Case 2 above, the object has a tendency to rotate (a moment, M), so the object is
not in equilibrium. Equilibrium for Case 2 also requires that the sum of the moments

<
>

>F=0 (no translation)
>M =0 (no rotation)
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Introduction

» For a rigid body in static equilibrium, the external forces and
moments are balanced and will impart no translational or rotational
motion to the body.

* The necessary and sufficient condition for the static equilibrium of a
body are that the resultant force and couple from all external forces
form a system equivalent to zero,

SF=0 YMy=Y(FxF)=0

Resolving each force and moment into its rectangular components
leads to 6 scalar equations which also express the conditions for static
equilibrium,

2F,=0 XF,=0 XF,=0

XM, =0 XM, =0 XM,=0

<
>
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Free-Body Diagram

. ’w_..ff ‘_‘v
A ﬂ*"’?{\ .
.A'\ f _cc'f
1.5m o

J—"C’B 9.81 kN

B
2 1'11—-1<——4 ]

Dr. M. Aghayi

First step in the static equilibrium analysis of a rigid
body is identification of all forces acting on the
body with a free-body diagram.

« Select the extent of the free-body and detach it
from the ground and all other bodies.

 Indicate point of application, magnitude, and
direction of external forces, including the rigid
body weight.

* Indicate point of application and assumed
direction of unknown applied forces. These
usually consist of reactions through which the
ground and other bodies oppose the possible
motion of the rigid body.

 Include the dimensions necessary to compute
the moments of the forces.
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Reactions at Supports and Connections for a Two-

Dimensional Structure

Frictionless

Rollers Rocker Force with known
B surface line of action
%
| i
Short cable Short link Force with known
line of action
/ o /
/#
&F ey oy
L 9°
@ ey ot
?ﬂ e
& /f;’i% ( mn@f:
g {7/ g
4 g ;
: #
= f J/

Collar on

frickiatless vad Frictionless pin in slot

Dr. M. Aghayi

Force with known
line of action
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» Reactions equivalent to a
force with known line of
action.
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Reactions at Supports and Connections for a Two-
Dimensional Structure

|

| |

' |
T

_

Frictionless pin Rough surface
or hi nge

Force of unknown
direction

s

Fixed support

Dr. M. Aghayi

Force and couple
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» Reactions equivalent to a
force of unknown direction
and magnitude.

» Reactions equivalent to a

force of unknown
direction and magnitude
and a couple.of unknown
magnitude
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Examples of supports

> RN e WA b

d i i

o pon el LI L T LT F A L

Rocer Bearingused'to Support the
Roadway*of a Bridge vk /

= r
‘B nh
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Equilibrium of a Rigid Body in Two Dimensions

,.-
[ ]

For all forces and moments acting on a two-
dimensional structure,

F,=0 M,=M,=0 M,=M,

* Equations of equilibrium become

SF,=0 YF,=0 YM,=0

where A4 1s any point in the plane of the
5, 1 structure.

s
4

» The 3 equations can be solved for no more
than 3 unknowns.

s * The 3 equations can not be augmented with
? additional equations, but they can be replaced

ZFxZO ZMAZO ZMB:O

<
>
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Statically Indeterminate Reactions

 More unknowns than  « Fewer unknowns than ¢ Equal number unknowns
equations equations, partially and equations but
constrained improperly constrained
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Sample Problem 4.1
SOLUTION:

» Create a free-body diagram for the crane.

% * Determine B by solving the equation for
L5m b the sum of the moments of all forces

I about 4. Note there will be no

, contribution from the unknown

0 b reactions at A.

e Determine the reactions at 4 by
solving the equations for the sum of
all horizontal force components and
all vertical force components.

A fixed crane has a mass of 1000 kg
and 1s used to lift a 2400 kg crate. It
1s held in place by a pin at 4 and a
rocker at B. The center of gravity of
the crane 1s located at G. * Check the values obtained for the
reactions by verifying that the sum of
the moments about B of all forces is
Zero.

<
>

Determine the components of the
reactions at 4 and B.

Dr. M. Aghayi WhatsApp: +989394054409



Vector Mechanics for Engineers: Statics

* Determine B by solving the equation for the
sum of the moments of all forces about A.

>M,=0: +B(1.5m)-9.81kN(2m)
~23.5kN(6m)=0

B =+107.1kN

* Determine the reactions at 4 by solving the
equations for the sum of all horizontal forces
and all vertical forces.

YF.=0: A +B=0
A, =-107.1kN

2F,=0: 4,-9.81kN-235kN=0
A, =+333kN

* Check the values obtained.
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Sample Problem 4.2

ll, 6 ]\il‘-hl lﬁ I\ilz-_x;
A ’I‘ b’l’ '|
- ) . -‘t

Three loads are applied to a beam as shown. The beam is
supported by a roller at A and by a pin at B. Neglecting the
weight of the beam, determine the reactions at A and B when
P=15 kips

Dr. M. Aghayi WhatsApp: +989394054409



Vector Mechanics for Engineers:Statics

Sample Problem 4.2

lw._ l'l l“
u Z

.11\ B
LB

21 21t
> M, =0

(= 15kips)(3 ft)+ B, (9ft)— (6kips 11/t )~ (6kips (13 1) = 0
B, =21.0kips

y

> My=0
— A(9/1)+(15kips (6 ft )~ (6kips \2.fi ) (6kips N4 fi )= 0
A =6.00kips

“m

=0

Check 2.Fy=0
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Sample Problem 4.3

A loading car is at rest on an inclined
track. The gross weight of the car and
its load 1s 5500 1b, and 1t 1s applied at
at G. The cart 1s held 1n position by
the cable.

<
>

Determine the tension in the cable and
the reaction at each pair of wheels.

Dr. M. Aghayi

SOLUTION:

Create a free-body diagram for the car
with the coordinate system aligned
with the track.

Determine the reactions at the wheels
by solving equations for the sum of
moments about points above each axle.

Determine the cable tension by
solving the equation for the sum of
force components parallel to the track.

Check the values obtained by verifying
that the sum of force components
perpendicular to the track are zero.
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Sample Problem 4.3

* Determine the reactions at the wheels.

SM,;=0: —(23201b)25in.—(49801b)6in.
+R,(50in.) =0

R, =17581b

SMg=0: +(23201b)25in.—(49801b)6in.
—R(50in.) =0

Rl — 562 lb

 Create a free-body diagram
W, =+(55001b)cos25° * Determine the cable tension.

YF.=0: +49801b—T =0

=+49801b
W, =—(55001b)sin 25° I'=+49801b
— 23201b
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Sample Problem 4.4

SOLUTION:

 Create a free-body diagram for the
frame and cable.

lllr

kN 30 kN 20 kN 20 kN '
!" !—- .‘-—!:‘. |
1.Sm 1.8m 1.8m 1.8m| | E

» Solve 3 equilibrium equations for the
reaction force components and
couple at .

The frame supports part of the roof of
a small building. The tension in the
cable 1s 150 kN.

Determine the reaction at the fixed
end E.
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Sample Problem 4.4

1.5m 1.5m IHm I‘un \E

Dr. M. Aghayi

_CTAJ

 Create a free-body diagram for
the frame and cable.

fi

Sl

kN

* Solve 3 equilibrium equations for the

reaction force components and couple.

45(

SF.=0: E_+ 51501<N) 0

E.=-90.0kN

6
>F,=0: E, —4(2OkN)—E(ISOkN): 0

E, =+200kN

SMyg=0: +20kN(7.2m)+20kN(5.4m)
+20kN(3.6m)+20kN(1.8m)

—7—65(150kN)4.5m+ME =0

My =180.0kN-m
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Sample Problem 4.5

A 400-1b weight is
attached at A to the lever
shown. The constant of
the spring BC is k=250
Ib/in and the spring is
outstretched when f=0.
Determine the position of
equilibrium
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Sample Problem 4.5

Wisin @ —r(kr@)=0
kr®  250%3°

le—— [ sin @ ——

N
 J

@
r @)

TS

‘ S l/
‘ F =ks
\\I r
'|| i

| T T/

snfd =—-~6

Wl 400%*8

sin @ =0.70360
0 =280.3", 0’

II
/"I

Undeformed
[)()siliml
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Equilibrium of a Two-Force Body

 Consider a plate subjected to two forces F; and F,

* For static equilibrium, the sum of moments about A4
must be zero. The moment of F, must be zero. It

follows that the line of action of /', must pass
through A4.

 Similarly, the line of action of F, must pass through
B for the sum of moments about B to be zero.

« Requiring that the sum of forces in any direction be
zero leads to the conclusion that /; and F, must
have equal magnitude but opposite sense.

<
>
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Equilibrium of a Three-Force Body

Dr. M. Aghayi

» Consider a rigid body subjected to forces acting at
only 3 points.

« Assuming that their lines of action intersect, the
moment of F'; and F, about the point of intersection
represented by D is zero.

« Since the rigid body is in equilibrium, the sum of the
moments of F;, F',, and F; about any axis must be
zero. It follows that the moment of /'; about D must
be zero as well and that the line of action of F'; must
pass through D.

* The lines of action of the three forces must be
concurrent or parallel.
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Sample Problem 4.6

SOLUTION:

* Create a free-body diagram of the joist.
Note that the joist 1s a 3 force body acted
upon by the rope, its weight, and the
reaction at 4.

* The three forces must be concurrent for
static equilibrium. Therefore, the reaction
R must pass through the intersection of the
lines of action of the weight and rope

Find the tension in the rope and forces. Determine the direction of the

the reaction at 4. reaction force R.

A man raises a 10 kg joist, of
length 4 m, by pulling on a rope.

« Utilize a force triangle to determine the
magnitude of the reaction force R.
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Sample Problem 4.6

» Create a free-body diagram of the joist.

 Determine the direction of the reaction
force R.

AF = ABcos45=(4m)cos45=2.828m
CD=AE=14F =1414 m

BD =CDcot(45+25)=(1.414 m)tan20=0.515 m
CE = BF —BD =(2.828—-0.515) m=2.313m

CE 2313
AE 1414

tana = =1.636

a=58.6"

WhatsApp: +989394054409



Vector Mechanics for Engineers: Statics
Sample Problem 4.6

T 200 g

» Determine the magnitude of the reaction
force R.

T R 98.1N

sin31.4° sin110° sin38.6°

98.1 N §

T'=819N
R=147.8N
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Reactions at Supports and Connections for a Three-

Dimensional Structure

~

Force with known Force with known
line of action Cable line of action
Frictionless surface (one unknown) (one unknown)

Two force components
Roller on P

rough surface

<
>

o

' : : Three force components
Rough surface Ball and socket

-
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Reactions at Supports and Connections for a Three-

Dimensional Structure

Universal Three force components

joint and one couple Fixed support

5 He- il #
M, o4 F,
M'I
ot

Three force components
and three couples

[P AT AT At

)

o Two force components
Hinge and bearing supporting radial load only (and two couples)

<
>

Hinge and bearing supporting Three force components

Pin and bracket axial thrust and radial load

< Bestar Dr. M. Aghayi WhatsApp: +989394054409

(and two couples)
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Examples of supports

Universal Joints
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Examples of supports

This ball-and-socket joint provides a This journal bearing supports the end
connection for the housing of an earth grader to of a shaft (reference: Statics, 9

its frame (reference: Statics, 9™ Edition, Edition, Hibbeler).

Hibbeler).
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Examples of supports

This thrust bearing is used to This pin is used to support the end

support the drive shaft on a of the strut used on a tractor
machine (reference: Statics, 9 (reference: Statics, 9™ Edition,
Edition, Hibbeler). Hibbeler).
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Sample problem 4.7

* A 20-kg ladder used to reach high shelves
storeroom 1s supported by two flanged wt
and B mounted on a rail and by an unflan
wheel C resting against a rail fixed to the
An 80-kg man stands on the ladder and le
the right. The line of action of the combin
weight W of the man and ladder intersect:
floor at point D. Determine the reactions :

B, and C.
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Sample problem 4.7

—_—
L]

= —(80+20)(9.81)7 =—9817
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Sample problem 4.7

W =-mgj =—(80+20)(9.81)j] =-981;
A, +B,—981=0

A +B +C=0

> M, =0

1.27 x (B, j + B.K )+ (0.97 0.6k x (981
+(0.67 +37 1.2k )x(Ck)=0

5 unknowns and 5 equations, so the problem
can be solved
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Sample Problem 4.8

SOLUTION:

* Create a free-body diagram for the sign.

* Apply the conditions for static
equilibrium to develop equations for
the unknown reactions.

A sign of uniform density weighs 270
Ib and is supported by a ball-and-
socket joint at 4 and by two cables.

Determine the tension in each cable
and the reaction at 4.
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Sample Problem 4.8

y
AD 77 - 77
5 f 5 D "B
2 ft B /j;‘t TBD—TBD"_; ]7-"
D 'B
Ao )
N = TBD _ 8l +14£] _ 8k
B = Typ (27 +17-2F)
BD\"3! T3J 73
B o Fo =T
| Yw=-—@om); Tee =T F—F
-~ el ft‘m‘ o —Tg|
 Create a free-body diagram for the = Tpe 6i +3; +2k
= sign. 7
@ Since there are only 5 unknowns, =Tgc (— gf + %] + % k )
the sign is partially constrain. It is
free to rotate about the x axis. It is,

however, in equilibrium for the
given loading.
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Sample Problem 4.8

Ayl

Yy
ﬁ/fﬁﬁ/"%
4 ft
c 3
/

% 5 W= ll 5
LJr ft \‘1\

46t

» Apply the conditions for
static equilibrium to
develop equations for the
unknown reactions.

Dr. M. Aghayi

ZF:Z+TBD +fEC —(2701]3)]:0
A,

~2Tgp = $Tgc =0

A4, +3 TBD+ T —2701b=0

el .|

ZMA :FB XTBD +I7E XTEC +(4ft);><(—2701b)j

j . 5333TBD —1714TEC =0
k: 2.667Tgp +2.571Tg- —10801b =0

Solve the 5 equations for the 5 unknowns,

Tgp =101.31b Tg- =3151b
A=(3381b)i +(101.21b)7 —(22.51b)k

WhatsApp: +989394054409
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Sample Problem 4.9

* A uniform pipe cover of radius r =
240 mm and mass 30 kg 1s held in a
horizontal position by the cable CD.
Assuming that the bearing at B does
not exert any axial thrust, determine
the tension in the cable and the 240 mm
reactions at A and B. <

A @

7

(

.I ]
/
l
rI

Dr. M. Aghayi WhatsApp: +989394054409
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T

240 mm

""'-.-"r""l

i N\
T
r= 240 Inm
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- ‘\:‘._

7* T D

lrl'l

t !/
II'. | )r"l,r'-
<. ‘I II. '
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Sample Problem 4.9

Yy
SO mm
160 Eﬂ"l&
r=240 mm ,-«A/
/ C * 240 mm
o B,j
B i
‘*\-El
\,i _ZT =240
E’ >T/<' mm
~ Ak \':T‘.i:* -
@ J rJ:?.-lﬂ mm
> W=-(294 N)j

W =—mgj =—(30)(9.81)] =294
DC =—4807 +240 ] —160k

DC =560mm

DC A
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Sample Problem 4.9

Y F=0

Ai+Aj+Ak+Bi+B,j+T-29%

j=0

6, )- 3 .
(Ax + B, ——sz +(Ay +By +—T—294j]

7 7

(AZ — ETJIE =0
7 6 unknowns and 6 equations

2rk x (AxlT + Ay]_' + AZ/;)+ (2rf + rlg)x (

(17 + 7k )x (- 294k )= 0
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Sample Problem 4.10

* A 450-1b load hangs from the comer C of a rigid piece of
pipe ABCD which has been bent as shown. The pipe is
supported by the ball-and-socket joints A and D, which
are fastened, respectively, to the floor and to a vertical
wall, and by a cable attached at the midpoint E of the
portion BC of the pipe and at a point C on the wall.
Determine (a) where G should be located 1f the tension in
the cable 1s to be minimum, (b) the corresponding
minimum value of the tension.
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Sample Problem 4.10
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Sample Problem 4.10

D,
I
| D, i T/“L
X —
E

A
- x}}* 12 fi / ZMAD =0
T
= | z-(AExT)m.(ACxW) 0
B AC x W = (127 +12)x (4507 )= —5400k
> s _ _ _
o _AD _ 127 +12j-6k

AD 18
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Sample Problem 4.10

Z-(Ex ‘): [127+12}_6Ej-(—54001€)= 1800

18
7 o(AExT)=To(7x 4E)

T[lzz +12]—6k]. [121 +12]—6ij(6;+12j) 1900

18 18

67 =-1800

T =-200i +100j—200k

in

EG=(x-6) +(y-12)j+(0-6)k

Must be the same
direction

x=0, y=15 ft
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Vector Mechanics for Engineers: Statics
Introduction

* The earth exerts a gravitational force on each of the particles
forming a body. These forces can be replace by a single
equivalent force equal to the weight of the body and applied
at the center of gravity for the body.

* The centroid of an area 1s analogous to the center of
gravity of a body. The concept of the first moment of an
area 1s used to locate the centroid.

* Determination of the area of a surface of revolution and
the volume of a body of revolution are accomplished
with the Theorems of Pappus-Guldinus.
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Center of Gravity of a 2D Body

» Center of gravity of a plate  Center of gravity of a wire

z
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Centroids and First Moments of Areas and Lines

i

c

e Centroid of an area

— —

x(yAt) =

et
y
*_

sz_'

xdW
| x(y1)dA4

XA =

Dr. M.

[xda=0,

Aghayi

i
A I‘ --H\"-,___
y j_ﬁ.ﬂ ?$
)
\ Y hy
\ &
£ =" "

= first moment with respect to y

yA = _[)/ dA = Oy
= first moment with respect to x

e Centroid of a line

L
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First Moments of Areas and Lines

Dr. M. Aghayi

An area 1s symmetric with respect to an axis BB’
if for every point P there exists a point P’ such
that PP’ is perpendicular to BB " and 1s divided
into two equal parts by BB’

The first moment of an area with respect to a
line of symmetry 1s zero.

If an area possesses a line of symmetry, its
centroid lies on that axis

If an area possesses two lines of symmetry, its
centroid lies at their intersection.

An area is symmetric with respect to a center O
if for every element dA at (x,y) there exists an
area dA’ of equal area at (-x,-)).

The centroid of the area coincides with the
center of symmetry.
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Centroids of Common Shapes of Areas

Shape ] Arva
; L bh
Trisngular area 3 2
Chgrter-ciroular Ar. Ar
area - £ 4
ir i
Semicireular ane o s ;
e ey b L
wmrliﬁpb: = < .
Semsellipticad b E.J
aned i o ]
Sermiparabulc 5 s 2ah
area H 5 3
3h s0h
Purshcdic sres W] o Y
i Ju EL] ah
Parsbodia spandnal i 0 3
axl LES W —oh
Ceneral spagdrel =+ % z 2" el
Cireubar sector Er;.n:: a art

Dr. M. Aghayi

WhatsApp: +989394054409




Vector Mechanics for Engineers: Statics

Centroids of Common Shapes of Lines

s
g
5
g
E
c
1
:

<
4 g
g
E
g
a -
=) .I : -
!;
|
- 4
=y
|
|
|
o] o]
|
|5
|l
B

\.,_r’::‘:_ = . .
Are af circle — e - __l.'"_ reng 1] 20
0 = & o
b 4
z
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Composite Plates and Areas

» Composite plates
XYW =>xWw
YIYXW=>yW

« Composite area
X> A=> x4
Y A=>yA
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Sample Problem 5.1

¥

SOLUTION:

For the plane area shown, determine
the first moments with respect to the
S x and y axes and the location of the

Dr. M. Aghayi

Divide the area into a triangle, rectangle,
and semicircle with a circular cutout.

Calculate the first moments of each area
with respect to the axes.

Find the total area and first moments of
the triangle, rectangle, and semicircle.
Subtract the area and first moment of the
circular cutout.

Compute the coordinates of the area
centroid by dividing the first moments by
the total area.
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Sample Problem 5.1

y

Yy

=60
N o r; =40 mm

Component A, mm? X, mm ¥, mm XA, mm® YA, mm?3
Rectangle (120)(80) = 9.6 x 103 60 40 +576 x 103 +384 x 10°
@ Triangle $(120)(60) = 3.6 x 103 40 =20 +144 x 10° —72 x 10°
Semicircle $m(60)% = 5.655 x 10? 60 105.46 +339.3 x 10° +596.4 x 103
Circle —m(40)®> = —5.027 X 10° 60 80 —-301.6 x 10° —402.2 x 10°
A = 13.828 x 10° XA = +757.7 X 10° | ZyA = +506.2 X 10°

<
>

* Find the total area and first moments of the
triangle, rectangle, and semicircle. Subtract the

area and first moment of the circular cutout.

% Besta Dr. M. Aghayi

0, =+506.2x10° mm”
0, =+757.7x10° mm”
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Sample Problem 5.1

« Compute the coordinates of the area
centroid by dividing the first moments by
the total area.

o XA _ +757.7%10° mm>
> A4 13.828x10°mm?

& X =54.8 mm
<

> X = 54.8mm 7 > yA _ +506.2x10° mm>
YA 13.828x10°mm?

Y =36.6 mm
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Sample Problem 5.2

The figure shown is made from a piece of thin, homogeneous wire. Deter-
mine the location of its center of gravity.

10 in.

2
I~

- 24 in. >
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Sample Problem 5.2

~—12 in.—>!

|
/L\ %)

- 24 in. -

Since the figure is formed of homogeneous wire, its center of gravity coin-
cides with the centroid of the corresponding line. Therefore, that centroid
will be determined. Choosing the coordinate axes shown, with origin at A,
we determine the coordinates of the centroid of each line segment and
compute the first moments with respect to the coordinate axes.
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Sample Problem 5.2

Segment | L, in. y,in. | y,in. | xL,in® yL, in”
AB 24 12 0 288 0
BC 26 12 5 312 130
CA 10 0 5 0 50
3L = 60 >xL = 600 yL = 180

Substituting the values obtained from the table into the equations defining
the centroid of a composite line, we obtain
XSL =3xL:  X(60 in.) = 600 in’ X = 10 in.
YSL =3yL:  Y(60 in.) = 180 in® Y
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Sample Problem 5.3

A uniform semicircular rod of weight W and radius r is attached to a pin

at A and rests against a frictionless surface at B. Determine the reactions
at A and B.
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Sample Problem 5.3

Free-Body Diagram. A free-body diagram of the rod is drawn. The forces
acting on the rod are its weight W, which is applied at the center of gravity
G (whose position is obtained from Fig. 5.8B); a reaction at A, represented
by its components A, and A,; and a horizontal reaction at B.
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Sample Problem 5.3

Equilibrium Equations

2.
+1 =M, =0: B(2r) — W(E”) =0
W
B = i
P
y SF, = 0: A.+B =0
W 1%
A=-B=-— A=-—z
© P
XIF,=0: A, — W= A, = Wx
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Sample Problem 5.3

Adding the two components of the reaction at A:

271/2 1/2
a=|w+ (Y]] a=w(i+)
P | on

tana = B =P a =tan 'p
Ay Wfp
The answers can also be expressed as follows:
@ A = 1.049W b 72.3° B = 0.318Wy
>
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Determination of Centroids by Integration

XA = I xdA = j I x dxdy = j X,dA Double integration to find the first moment

L B e may be avoided by defining dA as a thin
yA = j ydA = _[ ,[ ydxdy = J‘J/el dA rectangle or strip.

P(x,y)

P(x,y)
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<
>

Theorems of Pappus-Guldinus

B B O

.L‘]D i f\/- L

A C ~JA c VA C
Sphere Cone Torus

 Surface of revolution is generated by rotating a
plane curve about a fixed axis.

 Area of a surface of revolution is
equal to the length of the generating
curve times the distance traveled by
* the centroid through the rotation.

A=2ryL
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Theorems of Pappus-Guldinus

N
W,

Sphere Cone Torus

* Body of revolution is generated by rotating a plane
area about a fixed axis.

e Volume of a body of revolution 1s
equal to the generating area times
the distance traveled by the centroid
through the rotation.

<
>

V=2nyA
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Sample Problem 5.4

’ y=kx? SOLUTION:
\ -t » Determine the constant k.
- T * Evaluate the total area.
- a = '  Using either vertical or horizontal

strips, perform a single integration to

find the first moments.
Determine by direct integration the

location of the centroid of a parabolic
spandrel.

» Evaluate the centroid coordinates.
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Sample Problem 5.4

, SOLUTION:

y=kx? e Determine the constant k.

/ _1' )
oL y = k X
T ..;'_-'__:? b
r . :>k=%
- a
- ﬂ —

y a’ pl/2

» Evaluate the total area.
A=[dA

WhatsApp: +989394054409



Vector Mechanics for Engineers: Statics
Sample Problem 5.4

» Using vertical strips, perform a single integration
to find the first moments.

Yy B “(p o,
dA=ydx Qy :jxeldA:Ixydx=(f)X(a—2x jdx
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Sample Problem 5.4

* Or, using horizontal strips, perform a single
integration to find the first moments.
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Sample Problem 5.4

Yy
y=kx2

-~ 1 b

» Evaluate the centroid coordinates.

¥A=0,

_ab a’b
X =

3 4

Dr. M. Aghayi
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Sample Problem 5.5

Determine the location of the centroid of the arc of circle shown.
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Sample Problem 5.5

¥
/ O=cx
/
7
r
ade
/ > "f’iszrdS
3 —
,/ )
O 5 . X
<N X=rcosf —=
# <
< Ny
E 0= -«
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Sample Problem 5.5

Since the arc is symmetrical with respect to the x axis, y = 0. A differential
element is chosen as shown, and the length of the arc is determined by

integration.
a d
L:JdL:J rdU:rJ du = 2ra

—a —a

The first moment of the arc with respect to the y axis is

a a
) QHfodL :[ (rcosu)(rdu) = r J cos U du

= r*[sin uﬁa_a: 2r” sin @ B

5 Since Qy = xL, we write

x(2ra) = 2%sin a x = rH;I 2
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Sample Problem 5.6

Determine the area of the surface of revolution shown, which is obtained
by rotating a quarter-circular arc about a vertical axis.
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Sample Problem 5.6

g 2r
4_;(4‘_”_
\e
- 2r > X

According to Theorem I of Pappus-Guldinus, the area generated is equal
to the product of the length of the arc and the chqtance traveled hy its
i centroid. Referring to Fig. 5.8B, we have

_ 2r ( 1)
xr=2r——=92r11 ——
P e
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Sample Problem 5.7

--— .. lu{)ﬁlmg"l | ;O/mm SOLUTION:
- e * Apply the theorem of Pappus-Guldinus
iy to evaluate the volumes or revolution
¥ 400 mm for the rectangular rim section and the
v} 60 mm —fs] J inner cutout section.
20 mm 20 mm

I « Multiply by density and acceleration
to get the mass and acceleration.

The outside diameter of a pulley 1s 0.8
m, and the cross section of its rim is as
shown. Knowing that the pulley is
made of steel and that the density of
steel is p = 7.85x10° kg/m3
determine the mass and weight of the
rim.
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Sample Problem 5.7

SOLUTION:

» Apply the theorem of Pappus-Guldinus
to evaluate the volumes or revolution for
the rectangular rim section and the inner

cutout section.

* Multiply by density and acceleration to
get the mass and acceleration.

375 mm 365

mm

¥, mm

Distance Traveled
by C, mm

Volume, mm?3

@ Area, mm?
1| +5000
IT | —1800

<
>

Dr. M. Aghayi

375
365

W = mg =(60.0kg)9.81m/s?]

WhatsApp: +989394054409

2m(375) = 2356
2m(365) = 2293

(5000)(2356) = 11.78 x 10°
(—1800)(2293) = —4.13 x 10°

Volume of rim = 7.65 X 106

3
m=pV = (7.85><1o3 ke/m?> X7.65x106mm3{10_9 m> /mm j m = 60.0 kg

W =589N
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Sample Problem 5.8

Using the theorems of Pappus-Guldinus, determine (a) the centroid of a

semicircular area, (b) the centroid of a semicircular arc. We recall that the
4, 3 2 .

volume and the surface area of a sphere are 5pr” and 4pr~, respectively.

<I

r"'\.,‘_“ \ Y

e
e

L=

%
e
r
A\"“--..

£ YT

<
>
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Sample Problem 5.8

The volume of a sphere is equal to the product of the area of a semicircle

and the distance traveled by the centroid of the semicircle in one revolution

about the x axis.

4r

3P
Likewise, the area of a sphere is equal to the product of the length of the gen-

J&1 erating semicircle and the distance traveled by its centroid in one revolution.

V=2pyA  3pr’ =2pyGpr)  y =

Ar

A=2pyL  dpr=2py(pr) y ="
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Distributed Loads on Beams

w w

» A distributed load is represented by plotting the load
per unit length, w (N/m) . The total load 1s equal to

L
W= |wdx=[dA=A4
0 the area under the load curve.

(OPW =[xdW * A distributed load can be replace by a concentrated
I load with a magnitude equal to the area under the

(OP) A = I xdA = ¥4 load curve and a line of action passing through the
0 area centroid.
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Sample Problem 5.9

wy=4500 N/m  SOLUTION:

» The magnitude of the concentrated load
1s equal to the total load or the area under
the curve.

* The line of action of the concentrated
load passes through the centroid of the
area under the curve.

« Determine the support reactions by

A beam supports a distributed load as summing moments about the beam
shown. Determine the equivalent ends.

concentrated load and the reactions at
the supports.
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Sample Problem 5.9

w g = 4500 N/m SOLUTION:

15kN/m 1

« The magnitude of the concentrated load 1s equal to
the total load or the area under the curve.

F =18.0kN

» The line of action of the concentrated load passes
1|, .., through the centroid of the area under the curve.

— O63kN-m =
18 kN
Component A, kN X, XA, kN-m
Triangle I 4.5 2 9
Triangle II 13.5 4 54
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Sample Problem 5.9

wp=400Nm e Determine the support reactions by summing

moments about the beam ends.

>M,y=0: B,(6m)-(18kN)3.5m)=0

B, =10.5kN

>Mp=0: —A4,(6m)+(I8kN)6m-3.5m)=0

A, =7.5kN
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Sample Problem 5.10

The cross section of a concrete dam is as shown. Consider a 1-ft-thick sec-
tion of the dam, and determine (@) the resultant of the reaction forces
exerted by the ground on the base AB of the dam, (b) the resultant of the
pressure forces exerted by the water on the face BC of the dam. The specific
weights of concrete and water are 150 Ib/ft® and 62.4 b/t respectively.

b ft
-— 9 ft —:-’H-:—Wﬁ —

A / C
/ '{“ Vertex ‘

Parabola
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Sample Problem 5.10

g 2.5 ft -
O sl N el
EI E
A ))}
<4 ft-| A @ D
6 ft- /1 i |
/] |
[\ ¥ |
i / { "' } W 18 ft
= \ '
@ ;/ ‘ JW;Z} \ P
A / Wi, % ] ‘W3 6 ft
< el | L |
M\T Mft—»‘ \ 5 g
E 3 ft w=bp
V = (1 ft)(18 ft)(62.4 Ib/ft3)
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Sample Problem 5.10

a. Ground Reaction. We choose as a free body the 1-ft-thick section
AEFCDB of the dam and water. The reaction forces exerted by the ground
on the base AB are represented by an equivalent force-couple system at A.
Other forces acting on the free body are the weight of the dam, represented
by the weights of its components W, W,, and Ws; the weight of the water
W, ; and the resultant P of the pressure forces exerted on section BD by
the water to the right of section BD. We have

ray W, = 3(9 ft) (22 ft) (1 ft) (150 Ib/ft’) = 14,850 1b

W, = (5 ft)(22 ft)(1 ft) (150 Ib/ft’) = 16,500 Ib

|

= W, = (10 ft) (18 ft)(1 ft) (150 Ib/ft®) = 9000 1b
= W, = (10 ft) (18 ft)(1 ft)(62.4 Ib/ft>) = 7488 1b
= (18 ft) (1 ft)(18 ft)(62.4 Ib/ft’) = 10,109 1b
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Sample Problem 5.10

Equilibrium Equations
yv2F.=0. H-101091b =0 = 10,110 1b y
% XF, =0 V — 14850 Ib — 16,500 Ib — 9000 Ib — 7488 Ib = 0
V = 47,840 Ibx
+1 M, = 0: — (14,850 1b)(6 ft) — (16,500 1b)(11.5 ft)
— (9000 1b)(17 ft) — (7488 1Ib)(20 ft) + (10,109 Ib)(6 ft) + M = 0
M = 520960 1b - ft ]

We can replace the force-couple system obtained by a single force acting at

= a distance d to the right of A, where
E 520,960 Ib - ft
=

= 10.89 ft
47,840 1b
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Vector Mechanics for Engineers: Statics

e | a— . | i | ae—  — S Sm—  — i

Dr. M. Aghayi

D _R W, =
{_"‘.cr; } 7488 |b
P=10,109 Ib

P a=365°
R=12,580 Ib
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Sample Problem 5.10

'b. Resultant R of Water Forces. The parabolic section of water BCD is
chosen as a free body. The forces involved are the resultant —R of the forces
exerted by the dam on the water, the weight W, and the force P. Since
these forces must be concurrent, —R passes through the point of intersec-
tion G of Wy and P. A force triangle is drawn from which the magnitude
and direction of —R are determined. The resultant R of the forces exerted
by the water on the face BC is equal and opposite:

R = 12,580 Ib d 36.5°
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Center of Gravity of a 3D Body: Centroid of a Volume

y N y
y AW
AW = —AWj
Y, X g X
W =-Wj
 Center of gravity G  Results are independent of body orientation,
W= Z( AW]) )_cW:deW yW:IydW ZW:IZdW

s (_ W]) _y []_; o (_ AW])] * For homogeneous bodies,
W x (1) =(Eram)x(-j) - Erhand dPmrdh

XV=[xdV yV=[ydV zV=[zdV
W=[dw  FW =[FdWw
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Centroids of Common 3D Shapes

Shape r Volume
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Composite 3D Bodies

* Moment of the total weight concentrated at the
center of gravity G 1s equal to the sum of the
moments of the weights of the component parts.

XYW =IW YIXW=XIW ZXW=D7zW

* For homogeneous bodies,

XSV=SxV YSV=S3v ZSV=Yzv
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Sample Problem 5.11

Determine the location of the center of gravity of the homogeneous body
of revolution shown, which was obtained by joining a hemisphere and a
cylinder and carving out a cone.
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Sample Problem 5.11

Because of symmetry, the center of gravity lies on the x axis. As shown in
the figure below, the body can be obtained by adding a hemisphere to a
cylinder and then subtracting a cone. The volume and the abscissa of the
centroid of each of these components are obtained from Fig. 5.21 and are
entered in the table below. The total volume of the body and the first
moment of its volume with respect to the yz plane are then determined.

¥ % Y
T |
@ 6(1] mm :
/ -+ L ,_/
= " ____c _____ __G—
< 4 I /")TLO ” o A .
| | | |
S | '
I i
3 (60 mm) =22.5 mm AU = (100 mm) =75 mm
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Sample Problem 5.11

Component | Volume, mm° x, mm |xV, mm®
Hemisphere %%p (60)° = 0.4524 X 10°|—22.5 —10.18 X 10°
Cylinder P(60)*(100) = 1.1310 X 10°(+50 +56.55 X 10°
Cone —% (60)2(100) = —0.3770 X 10°|+75 —98.98 X 10°
SV = 1206 X 10° SxV = +18.09 X 10°

£

< Thus,

X3V = 3xV: X(1.206 X 10° mm®) = 18.09 X 10° mm*

X = 15 mm
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Sample Problem 5.12

SOLUTION:

Yy

e Form the machine element from a
2.5 in. rectangular parallelepiped and a
quarter cylinder and then subtracting
two 1-in. diameter cylinders.

' 2 in.

2 in.
Locate the center of gravity of the -

steel machine element. The diameter v
of each hole is 1 1n.
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Sample Problem 5.12

1 in. diam.

2 in.
@ V, in? X, in. y, in. z,in. | %V, in* yV, in® ZV, in®
I (4.5)(2)(0.5) = 4.5 0.25 —~1 2.25 1.125 —4.5 10.125
I1 1m(2)%(0.5) = 1.571 1.3488 | —0.8488 | 0.25 2.1.19 —1.333 0.393
111 —(0.5)%0.5) = —0.3927 | 0.25 =4 3.5 —0.098 0.393 —1.374
IV | —#(0.5)%0.5) = —0.3927 | 0.25 -1 1.5 —0.098 0.393 —0.589
2V = 5.286 XV =23.048 | ZyV = —5.047 22V = 8.555
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Sample Problem 5.12

V, in® X, in. y, in. Z, in. xV, in* yV, in* ZV, in*
I (4.5)(2)(0.5) = 4.5 0.25 -1 285 1,125 —4.5 10.125
I1 17(2)%(0.5) = 1.571 1.3488 —0.8488 | 0.25 2.119 —1.333 0.393
111 —(0.5)%0.5) = —0.3927 | 0.25 =] 35 —0.098 0.393 —1.374
IV | —#(0.5)%0.5) = —0.3927 | 0.25 -1 1.5 —0.098 0.393 —0.589
2V = 5.286 3xV = 3.048 | ZyV = —5.047 >zV = 8.555

<
>

X =YxV/Sv=3.08in*)/(5.286in?)

X =0.577in.

Y=Y 3V/YV =(-5.047in*)/(5.286in? )

Y =0.577in.

Z=yzv/YV =(1.618in*)/(5.286in’)

WhatsApp: +989394054409
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Sample Problem 5.13

Determine the location of the centroid of the half right circular cone shown.

B

L < /
. oy _("-
- - .

=,
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Sample Problem 5.”
Yy

/

z

Since the xy plane is a plane of symmetry, the centroid lies in this plane
and z = 0. A slab of thickness dx is chosen as a differential element. The
volume of this element is

dV = sprdx

The coordinates x,; and 1/, of the centroid of the element are obtained from
Fig. 5.8 (semicircular area).

Xl = X Yl = 52
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Sample Problem 5.13

We observe that r is proportional to x and write
= &
x h h

The volume of the body is

h h 2 2

5 ;Y i

IF:JdV:J %pr’dJ:ZJ %p(}ix)fﬁzpzl
1

0 0

The moment of the differential element with respect to the yz plane is
x.; dV; the total moment of the body with respect to this plane is

" ! a Y pah”
J.'fr_,; dV :f x(3pr?) dx :J x(%p)(—x) dx =
0 0 h 8

Thus,

xV :J X, dV X = x = sh
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Sample Problem 5.13

Likewise, the moment of the differential element with respect to the zx
plane is y,; dV; the total moment is

h h 3 L1

4r 2 a a’h

17 J o p— l - - w e —a - = —
Jydf_ﬁ {} 3p(2 pr)dx SL (hl) dx =

o - _pa’l ] .
v=lmav Pttt

Thus,
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Introduction

T/L cC E
¢/ Fol
R

Dr. M. Aghayi

 For the equilibrium of structures made of several
connected parts, the internal forces as well the external
forces are considered.

« In the interaction between connected parts, Newton’s 31
Law states that the forces of action and reaction
between bodies in contact have the same magnitude,
same line of action, and opposite sense.

» Three categories of engineering structures are considered:

a) Frames: contain at least one one multi-force
member, 1.€., member acted upon by 3 or more
forces.

b) Trusses: formed from two-force members, 1.e.,
straight members with end point connections

c¢) Machines: structures containing moving parts
designed to transmit and modify forces.
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) [V] [A]

Definition of a Truss

A truss consists of straight members connected at
joints. No member is continuous through a joint.

* Most structures are made of several trusses joined
together to form a space framework. Each truss
carries those loads which act in its plane and may
be treated as a two-dimensional structure.

» Bolted or welded connections are assumed to be
pinned together. Forces acting at the member ends
reduce to a single force and no couple. Only two-
force members are considered.

* When forces tend to pull the member apart, it is in
tension. When the forces tend to compress the
member, it 1S In compression.
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Definition of a Truss

Stringers

Floor beams

Members of a truss are slender and not capable of
supporting large lateral loads. Loads must be applied at
the joints.
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Definition of a Truss

Baltimore

Typical Bridge Trusses
3 | )
-~
B - STTF
~
. Y
- b Y
Cantilever portion -
of a truss Bascule
Stadtum Other Types of Trusses
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Examples of Trusses

Roof trusses — Safeco Field in Seattle
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) [V] [A]

Examples of Trusses

Gusset plate
\ > A
o ‘e

< il eee \/[coo T, s
g Boo &= 000 |

Figure 06.01(a)

Joints are often bolted, riveted, or
welded. Gusset plates are also often
included to tie the members together.
However, the members are designed
to support axial loads so assuming
that the joints act as if they are pinned
is a good approximation.

Photo 6.1 - Pin-jointed connection of the
approach span to the San Francisco-Oakland
Bay Bridge

RL
“* Begla.ir

Dr. M. Aghayi
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Y] V] Al [A]

Examples of Trusses

e

Roof truss

WhatsApp: +989394054409

The roof truss
shown is formed by
two planar trusses
connected by a
series of purlins.

Reference: Statics,
9th Edition, by
Hibbeler.
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Examples of Trusses

Photo 6.3 - Because roof trusses, such as those shown, require support only at their ends,
it 1s possible to construct buildings with large unobstructed floor areas.
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Simple Trusses

B » A rigid truss will not collapse under
the application of a load.

T A simple truss is constructed by
successively adding two members and

B D one connection to the basic triangular
truss.
A C e In a simple truss, m =2n -3 where

m 18 the total number of members
and n 1s the number of joints.
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Analysis of Trusses by the Method of Joints

« Dismember the truss and create a freebody
diagram for each member and pin.

» The two forces exerted on each member are
equal, have the same line of action, and
opposite sense.

» Forces exerted by a member on the pins or
joints at its ends are directed along the member
and equal and opposite.

 Conditions of equilibrium on the pins provide
2n equations for 2n unknowns. For a simple
truss, 2n = m + 3. May solve for m member
forces and 3 reaction forces at the supports.

<
>

« Conditions for equilibrium for the entire truss
provide 3 additional equations which are not
independent of the pin equations.
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Joints Under Special Loading Conditions

 Forces in opposite members intersecting in
two straight lines at a joint are equal.

» The forces in two opposite members are
equal when a load 1s aligned with a third
member. The third member force 1s equal
to the load (including zero load).

* The forces in two members connected at a
joint are equal if the members are aligned
and zero otherwise.

* Recognition of joints under special loading
conditions simplifies a truss analysis.
25 kN F 50 kN
25 kN AT, !
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Space Trusses

An elementary space truss consists of 6 members
connected at 4 joints to form a tetrahedron.

A simple space truss 1s formed and can be
extended when 3 new members and 1 joint are
added at the same time.

In a simple space truss, m = 3n - 6 where m 1s the
number of members and 7 1s the number of joints.

Conditions of equilibrium for the joints provide 3n
equations. For a simple truss, 3n = m + 6 and the
equations can be solved for m member forces and
6 support reactions.

Equilibrium for the entire truss provides 6
additional equations which are not independent of
the joint equations.

) V] [A] [A]
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Space Trusses

Photo 6.4 — Three-
dimensional or space trusses
are used for broadcast and
power transmission line
towers, roof framing, and
spacecraft applications, such
as components of the
International Space Station.
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Sample Problem 6.1

1000 1b

2000 1b

Using the method of joints, determine
the force in each member of the truss.

Dr. M. Aghayi

SOLUTION:

Based on a free-body diagram of the
entire truss, solve the 3 equilibrium
equations for the reactions at £ and C.

Joint A4 1s subjected to only two unknown
member forces. Determine these from the
joint equilibrium requirements.

In succession, determine unknown
member forces at joints D, B, and £ from
joint equilibrium requirements.

All member forces and support reactions
are known at joint C. However, the joint
equilibrium requirements may be applied
to check the results.
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Sample Problem 6.1

2000 Ib 1000 1b

&0, SOLUTION:

Dr. M. Aghayi

<—12 ft <12 ft —=
= . » Based on a free-body diagram of the entire truss,
/| ok solve the 3 equilibrium equations for the reactions
(AR} at £ and C.
6 6 ft ZM c=0

=(20001b)(24 ft)+(10001b)(12 ft)— £(6 ft)

zFx:Osz

E=10,0001b7T

C.=0

ZFy =0=-20001b-10001b+10,0001b+C,,

WhatsApp: +989394054409
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Sample Problem 6.1

2000 1b 1000 1b C
¥
~—12 ft—f=—12 ft —

 Joint A4 1s subjected to only two unknown
member forces. Determine these from the
joint equilibrium requirements.

20001b _ Fup _ Fup F, 5 =15001b T
4 3 S F, p =25001b C

* There are now only two unknown member
B ¥ - 25001b P

+¥pp oo 'y forces at joint D.
i 4|§5 ffﬂ‘*
£y BB I'pp =Fpy Fpg =25001b T
s P Fo,
- FDE :2(%)FDA FDE 230001]3 C
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Sample Problem 6.1

2000 1b 1000 1b c,
~—12 ft —f=—12 ft —=

]
Fgp=25001b Q‘FHE
@ Fpp=3750Ib Frpe
5]
4 ﬁ4
3.8 .7 3
Fpp=3000 b A"
E=10000Ib

Dr. M. Aghayi

e There are now only two unknown member
forces at joint B. Assume both are in tension.

> F, =0=-1000-2(2500)-% Fgp

FBE — —37501b FBE 237501]3 C

> Fy = 0= Fpc —1500—2(2500) -3 (3750)

FBC =+52501b FBC =52501b T

» There 1s one unknown member force at joint
E. Assume the member is 1n tension.

> Fy =0=2Fpc +3000+3(3750)

Frpe =-87501b Fge =87501b C
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Sample Problem 6.1

200016 1000 1b AC « All member forces and support reactions are
R known at joint C. However, the joint equilibrium
requirements may be applied to check the results.

> F, =—5250+3(8750)=0 (checks)
> F, ==7000+%(8750)=0 (checks)
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Problem 6.11

4.5 ft

4.5 ft

Using the method of joints, determine the
12 kins 12 kips force in each member of the Fink roof truss
. l ' n'c l G kips shown. State whether each member is in
B | l |21t tension or compression.
O
(

L
L
L

12 |-_i]--

O
o

- (21t
Fe

EM. =0 > 12x4 5412594 12¢13.54+6x 13 _Ayx18=0

E

¥
A
L—%ff | 6 ft e G ft

éFm’:O — Aﬂ,:a

2; =0 —_— __4’%"\’ G“'Aﬂ:o

—> Aﬁj 24

%6224
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Problem 6.11

4.5 ft 4.5 ft

Using the method of joints, determine the
e o force in each member of the Fink roof truss
a l Dl l © 6 kips shown. State whether each member is in
D Kips 4

BD

e ;lz__z I:l' tension or compression.
o LT
ﬁﬁﬂ e—6 ft —f=—6ft 24
Z =0

) 9 \24.25

FE-G %\’*Sq_ —_— PAG = 4‘4_,32

S5 E =0
£k =0 44  32x 4 — -
4 — V24.25 =

— FZ‘GZ 40.5
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Problem 6.11

4.5 ft 4.5 ft

Using the method of joints, determine the
force in each member of the Fink roof truss
shown. State whether each member is in
|21t tension or compression.

1 .
~ | 2 1t
N
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Vector Mechanics for Engineers: Statics

Problem 6. 11

Using the method of joints, determine the
force in each member of the Fink roof truss
shown. State whether each member is in
|21t tension or compression.

1 .
~ | 2 1t
N

=F »0_>-11-fo_2— F xi;__«:&

9g- + £p
e l:ED .25 Z.5
40 .5 —> FEU <Il.25
< ke F Z
> £, =0 > -N.2Z5x _15_11\25;(6_.‘-
2.

405 - Fep =9 5 =27
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Vector Mechanics for Engineers: Statics

Problem 6. 11

Using the method of joints, determine the
force in each member of the Fink roof truss
shown. State whether each member is in
|21t tension or compression.

[ :
-~ | 21t
.

24
\,)/l’l Efp =Y
36.93 26.93 sg.,. =d N 12 £2x S6.93x —4;
‘) V27
.25 n.2s

_n25x2x4~0

l —_
¢ \ ) S Vo N -
ST £/ t)ﬁ&‘o)gu\“%‘r?/»k W ij)ts :,:3

> D g
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Vector Mechanics for Engineers: Statics
Analysis of Trusses by the Method of Sections

P, P, P,
| l * When the force in only one member or the
A ' forces in a very few members are desired, the
method of sections works well.

* To determine the force in member BD, pass a
s — section through the truss as shown and create
a free body diagram for the left side.

« With only three members cut by the section,
the equations for static equilibrium may be
applied to determine the unknown member
forces, including Fy,.
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Vector Mechanics for Engineers: Statics
Trusses Made of Several Simple Trusses

B D o .
A= AR » Compound trusses are statically
A NG L & A I P : 1
£ \ K= A= = determinant, rigid, and completely
AN VIA AN VA constrained.
i -+ S _?..:__ : _E_ - A ﬂ i._._.. " — F ; -ﬁ- I -#F m _ 2n . 3
B D
7 ﬁ'— ..'.'I:‘;:. .
AJVLA * Truss contains a redundant member
umm TAN m . . . .
ZIN TN 1S and is statically indeterminate.
¢ . , "I,'."' L, 7, .
s L S - m>2n-3
B B  Additional reaction forces may be
£ I\ AN necessary for a rigid truss.
gl ol fe {3,

ALl g A e 3k o Necessary but insufficient condition

non-rigid rigid for a cqmpouqd .truss to be statically
<2n—3 P determinant, rigid, and completely
e s an constrained,
m+r=2n
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Sample Problem 6.2

Determine the force in members EF and GI of the truss shown.

28 kips 28 kips

AN Y

4 Sl J
@ r u Dl E Hl —phtn—
gft ' 8ft ' 8ft ' 8ft ' 8ft

TN
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Sample Problem 6.2

28 Kips 28 kips

A sc E l’G / K 16 Kkips
( e .

NN/

o . l
O N
@ gft  8ft  8ft ' 8ft 8 ft
>
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Vector Mechanics for Engineers: Statics

Sample Problem 6.2

Free-Body: Entire Truss. A free-body diagram of the entire truss is
drawn; external forces acting on this free body consist of the applied
loads and the reactions at B and . We write the following equilibrium
equations.

+IEME o 0:

—(28 kips)(8 tt) — (28 kips)(24 ft) — (16 kips)(10 ft) + J(32 ft) = 0
J = +33 kips J = 33 kipsx

i V3F,=0: B,+ 16kips =0
B, = —16 kips B, = 16 kipsz

<

S sy =0
(28 kips)(24 ft) + (28 kips)(8 ft) — (16 kips)(10 ft) — B,(32 ft) = 0

B, = +23 kips B, = 23 kipsx
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Sample Problem 6.2

28 kips 28 kips

n m l
A lC E /lGl / K 16 Kips
o i ( 7 !I Oreaites-

L]

V4

)

4

¥
|

m

)] /‘ b : J
16 kips t D/ F H | T
23 kips 33 kips

Dr. M. Aghayi
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Sample Problem 6.2
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Vector Mechanics for Engineers: Statics
Sample Problem 6.2

Force in Member EF.  Section nn is passed through the truss so that it
intersects member EF and only two additional members. After the inter-
sected members have been removed, the left-hand portion of the truss is
chosen as a free body. Three unknowns are involved; to eliminate the two
horizontal forces, we write

+x 3F, = O: +23 kips — 28 kips — Fgr = 0
FEF — _5 l{lp‘?

The sense of Fgr was chosen assuming member EF to be in tension; the
negative sign obtained indicates that the member is in compression.

FEF = D ]{il}ﬂ (ﬁ
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Vector Mechanics for Engineers

Sample Problem 6.2

: Statics

Dr. M. Aghayi
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Vector Mechanics for Engineers: Statics
Sample Problem 6.2

Force in Member Gl. Section mm is passed through the truss so that it
intersects member GI and only two additional members. After the inter-
sected members have been removed, we choose the right-hand portion of
the truss as a free body. Three unknown forces are again involved; to elimi-
nate the two forces passing through point H, we write

+1ZMy = 0: (33 kips)(8 ft) — (16 kips)(10 ft) + F;(10 ft) = 0
Fer = —10.4 kips Fo; = 104 ki]}s &
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Sample Problem 6

3

1 kN
1 kN 1 kN
F
1kNj] DEZ R jiH
h=8m By~ - !
4 C E G 1

| 5kN 5kN 5kN
6 panels @ 5 m = 30 m

GH, and GI.

Dr. M. Aghayi

SOLUTION:

 Take the entire truss as a free body.
Apply the conditions for static equilib-
1 kN rium to solve for the reactions at 4 and L.

v * Pass a section through members FH,

=19 GH, and G/ and take the right-hand

section as a free body.
—“\ « Apply the conditions for static

equilibrium to determine the desired
member forces.

Determine the force in members FH,
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Vector Mechanics for Engineers: Statics

Sample Problem 6.3

1 kN
IkN y  1kN SOLUTION:
1 kN
L 1 kT; D | f ]  Take the entire truss as a free body.
'y Apply the conditions for static equilib-

- c; E] G I K == r1ium to solve for the reactions at 4 and L.
| 5kN 5kN 5kN \
6 panels @ 5 m = 30 m

>M,;=0=—(5m)(6kN)-(10m)(6 kN)—(15m)(6 kN)
—(20m)(1kN)—(25m)(1kN)+(25m)L
L=75kN T
2. F,=0=-20kN+L+4

A=125kN T
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Vector Mechanics for Engineers: Statics
Sample Problem 6.3

1kN|

- 4 & . | LkN - * Pass a section through members FH, GH, and G/
‘ *’i '}“ V) a-2s07 and take the right-hand section as a free body.
bla“r

I

|

|

SkN S5kN 5kN |

12.50 kN L

* Apply the conditions for static equilibrium to
determine the desired member forces.

ZMH = O
(7.50kN)(10m)—(1kN)Y5m)—Fg;(5.33m) =0
Fg; =+13.13kN

2

Fg =13.13kN T
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Sample Problem 6.3

M _0.5333

2 Mg=0

o =28.07°

(7.5kN)15m)-(1kN)10m)—(1kN)(5m)

+(Fppy cosa)(8m)=0
FFH — —1382 kN

=0.9375

2 M; =0

B =43.15°

(1kN)10m)+(1kN)5m)+(Fgp cos B)10m) =0

Fgp =-1371kN

Fep =1.371kN C

Dr. M. Aghayi
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Analysis of Frames

Dr. M. Aghayi

Frames and machines are structures with at least one
multiforce member. Frames are designed to support loads
and are usually stationary. Machines contain moving parts
and are designed to transmit and modify forces.

A free body diagram of the complete frame is used to
determine the external forces acting on the frame.

Internal forces are determined by dismembering the frame
and creating free-body diagrams for each component.

Forces on two force members have known lines of action
but unknown magnitude and sense.

Forces on multiforce members have unknown magnitude
and line of action. They must be represented with two
unknown components.

Forces between connected components are equal, have the
same line of action, and opposite sense.
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Vector Mechanics for Engineers: Statics

Frames Which Cease To Be Rigid When Detached

From Their Supports

Some frames may collapse if removed from
their supports. Such frames can not be treated
as rigid bodies.

A free-body diagram of the complete frame
indicates four unknown force components which
can not be determined from the three equilibrium
conditions.

The frame must be considered as two distinct, but
related, rigid bodies.

With equal and opposite reactions at the contact
point between members, the two free-body
diagrams indicate 6 unknown force components.

Equilibrium requirements for the two rigid
bodies yield 6 independent equations.
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Vector Mechanics for Engineers: Statics

Sample Problem 6.4

SOLUTION:
‘  Create a free-body diagram for the
1 s complete frame and solve for the support
‘L reactions.
60 mm ) » Define a free-body diagram for member
“ ml I BCD. The force exerted by the link DE
: - " J has a known line of action but unknown
= m;! 150 mm magnitude. It is determined by summing
) moments about C.
Members ACE and BCD are « With the force on the link DE known, the

connected by a pin at C and by the
link DE. For the loading shown,
determine the force in link DE and the

components of the force exerted at C
on member BCD. e With member ACE as a free-body,

check the solution by summing
moments about 4.

sum of forces in the x and y directions
may be used to find the force
components at C.

) [V] [A]
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Vector Mechanics for Engineers: Statics

Sample Problem 6.4
SOLUTION:

<
>

Dr. M. Aghayi

 Create a free-body diagram for the complete frame
and solve for the support reactions.

> F,=0=A4,-480N

A, =480N T

> M 4 =0=—(480N)100 mm)+ B(160 mm)

Y F.=0=B+4,

Note:

_ -1 80 _ o
o = tan 150 = 28.07

WhatsApp: +989394054409
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Vector Mechanics for Engineers: Statics
Sample Problem 6.4

: 60 mm 100
* Define a free-body diagram for member = mmi = i- 150 mm
BCD. The force exerted by the link DE hasa et - 480 N
known line of action but unknown 80 mm  \ l D

magnitude. It is determined by summing = -
moments about C.

> M. =0=(F,,sina)(250 mm)+(300 N)(80 mm)+(480 N)(100 mm)
F,.=-56IN Fpg =561N C

« Sum of forces in the x and y directions may be used to find the force
components at C.

Y F.=0=C,—Fpgcosa+300N

0=C,—(~561N)cosa+300N C,=-795N
ZFy =O:Cy _FDE sina—480N
0=C, —(-561N)sina —480N C, =216N
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Sample Problem 6.4

4500 N

* With member ACE as a free-body, check
the solution by summing moments about 4.

a

S M ; =(Fpp cosa)(300 mm)+ (Fp sina (100 mm)— C,. (220 mm)

< = (= 561cos @ )(300 mm )+ (- 56 1sin & Y100 mm ) — (- 795)(220 mm ) = 0
> (checks)
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Vector Mechanics for Engineers: Statics
Sample Problem 6.5

Determine the components of the forces acting on each member of the
frame shown.
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Sample Problem 6.5

Dr. M. Aghayi

|-a—3.6 m—-
A
o\

A

¥ -
® hern. D

vy N

E, F

L;4.8 m
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Vector Mechanics for Engineers: Statics
Sample Problem 6.5

Free Body: Entire Frame. Since the external reactions involve only three
unknowns, we compute the reactions by considering the free-body diagram
of the entire frame.

+12Mg; = 0: —(2400 N)(3.6 m) + F(4.8 m) = 0

F = +1800 N F = 1800 Nx
X 2F, = 0: —2400N + 1800N + E, =0

E, = +600 N E, = 600 Nx
}',F/EF_,L, = 0: E. =0

Members. The frame is now dismembered; since only two members are
connected at each joint, equal and opposite components are shown on each
member at each joint.
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Sample Problem 6.5

1.2m

24 m—
;y El 2400 N
I <AL XA

Bx B C| Cx
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Vector Mechanics for Engineers: Statics
Sample Problem 6.5

Free Body: Member BCD

+1=My = 0:  —(2400 N)(3.6 m) + C,(24m) =0 C, = +3600 N
+1SM,=0: —(2400 N)(1.2 m) + B, (2 4m) =0 B,=+1200N
JSF.=0: —B.+C,=0

We note that neither B, nor C, can be obtained by considering only member
BCD. The positive values obtained for B, and C, indicate that the force
components B, and C, are directed as assumed.

Free Body: Member ABE

+12ZM, = O: B(2.7m) =0 B. =0
Vv 2F, = 0: +B,— A, =0 A.=0
+xSF,=0: —A,+B,+600N=0

—Ay, 1200 N + 600 N = 0 A, = +1800 N
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Vector Mechanics for Engineers: Statics
Sample Problem 6.5

Free Body: Member BCD. Returning now to member BCD, we write
VEF,=0: —B.+C,=0 0+C,=0 Go=10

Free Body: Member ACF (Check). All unknown components have now
been found; to check the results, we verify that member ACF is in
equilibrium.

+1ZM = (1800 N)(24 m) — A,(2.4 m) — A(2.7 m)
= (1800 N)(24 m) — (1800 N)(24m) — 0= 0 (checks)

Dr. M. Aghayi WhatsApp: +989394054409



Vector Mechanics for Engineers: Statics

Sample Problem 6.6

A 600-1b horizontal force is applied to pin A of the frame shown. Determine
the forces acting on the two vertical members of the frame.

_,c\

Dr. M. Aghayi

e
c(®

Efe)

6 —|
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Vector Mechanics for Engineers

Sample Problem 6.6

: Statics

Dr. M. Aghayi

6001b <« A
—h& T

/®
vy

\\ /
S
O
=)
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Vector Mechanics for Engineers: Statics
Sample Problem 6.6

Free Body: Entire Frame. The entire frame is chosen as a free body;
although the reactions involve four unknowns, E, and F, may be deter-
mined by writing

+1=Mp = 0:  —(600 1b)(10 ft) + F,(6 ft) = 0

F, = +1000 Ib F, = 1000 Ilx
+x3F,=0: E,+F,=0

E, = —1000 lb E, = 1000 Ibw

Members. The equations of equilibrium of the entire frame are not suf-
ficient to determine E, and F,. The free-body diagrams of the various mem-
bers must now be considered in order to proceed with the solution. In
dismembering the frame we will assume that pin A is attached to the mul-
tiforce member ACE and, thus, that the 600-lb force is applied to that
member. We also note that AB and CD are two-force members.
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Sample Problem 6.6

F‘AiA\
~_ B
\2&3
D
/ FLU
& il
Fep
a
Free Body: Member ACE
& x3F, =0 —2F.s + 3Fcp — 1000 1b = 0
5 +I1SM; = 0: —(600 1b)(10 ft) — (33F.5)(10 ft) — (B5Fp)(2.5 ft) = 0
Solving these equations simultaneously, we find
& q ¥

Fis = —10401b  Fop = +1560 1b
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Sample Problem 6.6

Dr. M. Aghayi

|

e,
12

F 5
AB El N
F A8 B"—f
25{ ft
|\D—1
;12 gl ‘
/% Fep
5ft
Fep I
F - milo) F—1
F,
E}x=1UUD|D ¥F},-1UUDID
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Vector Mechanics for Engineers: Statics
Sample Problem 6.6

The signs obtained indicate that the sense assumed for F¢p was correct and
the sense for F,p incorrect. Summing now x components,
YIF, =0:  6001b + {3(—1040 1b) + {5(+1560 1b) + E, = 0

E. = —1080 b E,. = 1080 lbz

Free Body: Entire Frame. Since E, has been determined, we can return
to the free-body diagram of the entire frame and write
V2F, = 0: 6001b — 1080 1b + F, = 0

F. = +480 Ib F, =480 by
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Free Body: Member BDF (Check). We can check our computations by
verifying that the equation 2My = 0 is satisfied by the forces acting on
member BDF.

+1ZMy = —(BFcp)2.5 ft) + (F)(7.5 ft)
= —13(1560 1b)(2.5 ft) + (480 Ib)(7.5 ft)
a
—36001b - ft + 3600 1b - ft = 0 (checks)
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Machines

e Machines are structures designed to transmit
and modify forces. Their main purpose is to
§ transform input forces into output forces.

0 @Given the magnitude of P, determine the
magnitude of Q.

* Create a free-body diagram of the complete
machine, including the reaction that the wire
exerts.

* The machine 1s a nonrigid structure. Use
one of the components as a free-body.

» Taking moments about A4,
a

XM, =0=aP-bQ Q=P

<
>
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Vector Mechanics for Engineers: Statics
Example: Simple pliers

50 Ib 1 For the machine (simple pliers) shown, determine
the magnitude of the gripping forces when two

-\{/;-’éy, % ': 50-1Ib forces are applied as shown.

< ‘ ‘ Also determine the mechanical advantage.
50 Ib T< >|< >| Mechanical advantage = Output force
5” 2” Input force
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Vector Mechanics for Engineers: Statics
Sample Problem 6.7

A hydraulic-lift table is used to raise a 1000-kg crate. It con-
sists of a platform and two identical linkages on which hydrau-
lic cylinders exert equal forces. (Only one linkage and one
cylinder are shown.) Members EDB and CG are each of length
2a, and member AD is pinned to the midpoint of EDB. If the
crate is placed on the table, so that half of its weight is sup-
ported by the system shown, determine the force exerted by
each cylinder in raising the crate for u = 60°, @ = 0.70 m, and
L = 3.20 m. Show that the result obtained is independent of
the distance d.
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Sample Problem 6.7

M=

wa| =

Dr. M. Aghayi
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Sample Problem 6.7
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Sample Problem 6.7

Faol 1B

Fce
° B ol :
y

[ 4= 1“3
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Sample Problem 6.7

Free Body: Platform ABC.

Vv 2F, = 0:
+XEFH = ():

Dr. M. Aghayi

FABCDISU:O
B+C—-3W=0
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Sample Problem 6.7

Free Body: Roller C. We draw a force triangle and obtain Fzc = C cot U.

Dr. M. Aghayi WhatsApp: +989394054409




Vector Mechanics for Engineers: Statics
Sample Problem 6.7
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Sample Problem 6.7

Free Body: Member BDE. Recalling that F,;, = 0,

+12ZM; = 0: Fpy cos (F — 90°)a — B(2a cos U) — Fge(2a sin U)
Fppa sin T — B(2a cos U) — (C cot u)(2a sinu) = 0
Foysin f — 2(B+ C)cosu =0

Recalling Eq. (1), we have

cos U
@ FDH:W.
sin T

M| and we observe that the result obtained is independent of d.
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Sample Problem 6.7

L

PR
V&G  ———0
- L

E
|

——

Y

Applying first the law of sines to triangle EDH, we write

sinf_sinu 'f—ﬁ'u
- DA sin —DHsm

Using now the law of cosines, we have
(DH)* = a® + L* — 2aL cos U

=(0.70)% + (3.20)% — 2(0.70)(3.20) cos 60°
(DH? =849 DH =291 m
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Sample Problem 6.7

We also note that
W = mg = (1000 kg)(9.81 m/s?) = 9810 N = 9.81 kN

Substituting for sin ¥ from (3) into (2) and using the numerical data, we
write

DH 291 m
@ = — = i o
Fu WE cotu = (9.81 kN) 320 cot 60

F.”” = 5.15 ]\'*\4
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Introduction

» Preceding chapters dealt with:
a) determining external forces acting on a structure and

b) determining forces which hold together the various members
of a structure.

* The current chapter is concerned with determining the internal
forces (1.e., tension/compression, shear, and bending) which hold
together the various parts of a given member.

* Focus is on two important types of engineering structures:

a) Beams - usually long, straight, prismatic members designed
to support loads applied at various points along the member.

b) Cables - flexible members capable of withstanding only
tension, designed to support concentrated or distributed loads.

<
>

Dr. M. Aghayi WhatsApp: +989394054409



Vector Mechanics for Engineers: Statics

Internal Forces in Members

-F

Straight two-force member AB is in
equilibrium under application of F and
_F.

Internal forces equivalent to F'and -F are

required for equilibrium of free-bodies
AC and CB.

Multiforce member ABCD is in equil-
ibrium under application of cable and
member contact forces.

Internal forces equivalent to a force-

couple system are necessary for equil-
ibrium of free-bodies JD and ABCUJ.

An internal force-couple system is
required for equilibrium of two-force
members which are not straight.
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Sample Problem 7.1

SOLUTION:

« Compute reactions and forces at

2400 N connections for each member.

* Cut member ACF atJ. The internal
forces at J are represented by equivalent
; force-couple system which is determined
F by considering equilibrium of either part.

e Cut member BCD at K. Determine
force-couple system equivalent to
internal forces at K by applying
equilibrium conditions to either part.

Determine the internal forces (a) in
member ACF at pointJ and (b) in
member BCD at K.
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Sample Problem 7.1

SOLUTION:

« Compute reactions and connection forces.

Consider entire frame as a free-body:

ZME =0:

—(2400N)3.6m)+ F(4.8m)=0 F =1800N
2 F,=0:

—2400N+1800N+E,, =0 E, =600N
Y F,.=0: E, =
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Sample Problem 7.1

Consider member BCD as free-body:

ZMB =0:
1.2 m
24 m——] —(2400N)(3.6m)+C,(24m)=0  C, =3600N
B_hf C” 2400 N ZMC — O :
MD
< B C| G —(2400N)(1.2m)+ B, (2.4m)=0 B, =1200N
>F,=0: -B.+C,=0

Consider member ABE as free-body:

S>M,=0: B,(24m)=0 B, =0
SF.=0: B.—A.=0 A, =0
ZFy =0: —Ay+By+6OON:O Ay =1800N
From member BCD,
1800 N
SF.=0: —-B.+C,=0 C.=0
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Vector Mechanics for Engineers: Statics
Sample Problem 7.1

1200 N 3600 N 2400 N

e Cut member ACF atJ. The internal forces at J are
B K C D represented by equivalent force-couple system.

Consider free-body AJ:

" _— dYM;=0:
X . ~(1800N)(1.2m)+M =0 M =2160N-m
F —(1800N)cos 41.7° =0 F =1344N
2 F,=0:
—¥ +(1800N)sin 41.7° = 0 y=1197N
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Vector Mechanics for Engineers: Statics
Sample Problem 7.1

1200 N 3600 N 2400 N

« Cut member BCD at K. Determine a force-couple
system equivalent to internal forces at K .

Consider free-body BK:

DMy =0:
F (1200N)1.5m)+M =0 M =-1800N-m
600 N 1500 N Y F,.=0: F=-0
2. F,=0:
lism Ve _1200N—V =0 7 =—1200N

1200 N -M 2400 N
F f't g *

BK.{I—FKCD %
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Vector Mechanics for Engineers: Statics
Various Types of Beam Loading and Support

e Beam - structural member designed to support
loads applied at various points along its length.

« Beam can be subjected to concentrated loads or
distributed loads or combination of both.

'—'—,—t"’—ﬂ/]ﬂﬂ’m e Beam design is two-step process:

1) determine shearing forces and bending
moments produced by applied loads

(a) Concentrated loads

2) select cross-section best suited to resist
shearing forces and bending moments
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Vector Mechanics for Engineers: Statics

Various Types of Beam Loading and Support

Forces in Beams and Cables i
- 1 R i J 3 .:;i [ R A

Statically | .38 i k—m* b

Determinate ,A. * .

Beams l -
eal !_1 L ! !_: L ._1 f— L |

(a) Simply supported beam (b) Overhanging beam () Cantilever beam

Stati a]l Pl Y .I;__ L :-E" E‘: _____ ] ‘ ; _@"’_ ;
!;ﬁ;ﬁeniinate ? * i : i |
e 1, —] - L] |

() Continuous beam (¢) Beam fixed at one end
and simply supported
at the other end

(f) Fixed beam

* Beams are classified according to way in which they are
supported.

« Reactions at beam supports are determinate if they
involve only three unknowns. Otherwise, they are
statically indeterminate.

<
>
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Vector Mechanics for Engineers: Statics

Shear and Bending Moment in a Beam

* Wish to determine bending moment

and shearing force at any point in a

beam subjected to concentrated and
distributed loads.

» Determine reactions at supports by

Dr. M. Aghayi

treating whole beam as free-body.

e Cut beam at C and draw free-body
. diagrams for AC and CB. By

[T] definition, positive sense for internal
: B
force-couple systems are as shown.

Ry

* From equilibrium considerations,
determine M and V or M’ and V",
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Vector Mechanics for Engineers: Statics

Shear and Bending Moment Diagrams

<
>

Variation of shear and bending
moment along beam may be
plotted.

Determine reactions at
supports.

Cut beam at C and consider
member AC,

V=+P/2 M=+Px/2

Cut beam at E and consider
member EB,

V=-P2 M=+P(L-x)/2

For a beam subjected to
concentrated loads, shear 1s
constant between loading points
and moment varies linearly.

Dr. M. Aghayi
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Vector Mechanics for Engineers: Statics
Sample Problem 7.2

20 kN 40 kN SOLUTION:

 Taking entire beam as a free-body,
™ D calculate reactions at B and D.

* Find equivalent internal force-couple
2.5m—|-—3 m —>|‘2 m—l systems for free-bodies formed by
cutting beam on either side of load

. application points.
Draw the shear and bending moment

diagrams for the beam and loading * Plot results.
shown.
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Vector Mechanics for Engineers: Statics

Sample Problem 7.2

| SOLUTION:

14 kN

Similarly,

>F, =01 _20kN-¥; =0

>M,=0: (20kNYOm)+M; =0

 Taking entire beam as a free-body, calculate
reactions at B and D.

» Find equivalent internal force-couple systems at
sections on either side of load application points.

V; =—20kN

M1=O

V3 =26kN
V, =26kN
Vs =26kN
Ve =26kN

M5 =-50kN-m
M4 =-50kN-m
M5 =-50kN-m
Mg =-50kN-m
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Vector Mechanics for Engineers: Statics

Sample Problem 7.2

* Plot results.

Note that shear is of constant value
between concentrated loads and
bending moment varies linearly.

7S <2.5m>~3m 2 m»>

<
>
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Vector Mechanics for Engineers: Statics
Sample Problem 7.3

| 40 Ib/in. SOLUTION

 Taking entire beam as free-body,
calculate reactions at 4 and B.

* Determine equivalent internal force-
couple systems at sections cut within
segments AC, CD, and DB.

|- — in,— 10 in.—
b2 6in. 4 in.

32 in. "

&

Draw the shear and bending moment
diagrams for the beam AB. The
distributed load of 40 1b/in. extends
over 12 1n. of the beam, from 4 to C,
and the 400 Ib load is applied at E.

* Plot results.
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Sample Problem 7.3

Vector Mechanics for Engineers: Statics

6in. 4 in.

400 b
10 in.—~

= 16 in.——-|- 10 in—
in.

<
>

Dr. M. Aghayi

400 1b

SOLUTION:

 Taking entire beam as a free-body, calculate
reactions at 4 and B.

ZMA:O:

B,,(32in.)-(4801b)(6in.) - (4001b)(22in.) = 0

ZMB:O:

B, =365Ib

(4801b)(26in.)+(4001b)(10in.)— 4(32in.)= 0

Y F,.=0:

A=5151b

B, =0

* Note: The 400 Ib load at £ may be replaced by a

400 1b force and 1600 Ib-in. couple at D.
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Vector Mechanics for Engineers: Statics

Sample Problem 7.3

6in.

le—12 in.—}= 14 in.
40 Tb/in.
- | 1600 Thin.
Yy vy ﬂ
AL g
C 2| *D
400 Ib

« Evaluate equivalent internal force-couple systems
at sections cut within segments AC, CD, and DB.

31 From A to C:
> F,=0: 515-40x-V'=0

V=515-40x

. 1 _
> M;=0: —515x—40x(§x)+M—0
M =515x—20x>

From Cto D:
> F,=0: 515-480-V =0

V =351b
S>M,=0: —515x+480(x—6)+M =0

M =(2880+35x)1b-in.
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Vector Mechanics for Engineers: Statics

ﬁm.

Sample Problem 7.3

ol

Dr. M. Aghayi

12 in,—=f{=—>=t=—14 in.
40 Ibfin.
- 1600 Th-in.
] C2 ‘D ai‘ﬂ
200 | |
. 480 1b |
:-.—x-er;-i
Y 1600 Ib-in. : \
400Thy x-18 |y

» Evaluate equivalent internal force-couple

systems at sections cut within segments AC,
CD, and DB.

From D to B:
2. F,=0:

ZMz =0:

515-480-400—-V =0

V =-3651b

~515x+480(x—6)—1600+400(x —18)+M =0

WhatsApp: +989394054409
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Vector Mechanics for Engineers: Statics
Sample Problem 7.3

6 in.

~—12 in.——-~——’714 in—> * Plot results.
S 1600 lb-in. From A to C:

V =515—-40x

M =515x—20x"

From C to D:
V =351b

M =(2880+35x)1b-in.

From D to B:
JV =-3651b

x M =(11,680—365x)Ib-in.
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Vector Mechanics for Engineers: Statics
Relations Among Load, Shear, and Bending Moment

» Relations between load and shear:
l,m’ \m\ﬂ V—(V+AV)=wAx =0
'y yvy dV AV
A — B —=lim — =—-w
i e N LN

!ﬂa::,*m:

XD
A VD - VC - - IWdX = —(area under load Curve)
b i Y
i 2 . .
4 » Relations between shear and bending moment:
w = Ax

M ) )M+&M
(L C.l' M _ i AM i (7L war)= 7
V + AV dx  Ax—0 Ax  Ax—0 2

XD
Mp—-Mq = IV dx = (area under shear curve)

Xc
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Vector Mechanics for Engineers: Statics

Relations Among Load, Shear, and Bending Moment
b Wi

2

E * Reactions at supports, R, =Rp=——
B

o Shear curve,

X
V-V, :—dex:—wx
0

V=V, ,—wx =%—wx =w(£—x)
2 2

= i \ * Moment curve,
o L X
N M=M= [V
| 0
|
_wL

=
2 ~ (L w 0
3| M M=|\w ——x|dx=—\Lx—x
i 1 : {, (2 j 2( )
[
/‘i—\ . _WL2 y th_V_O
L L x max = g 4 dx
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Vector Mechanics for Engineers: Statics

Sample Problem 7.4

]{Ilqph 12 Llpx I}Lllm’l'l

JU 2 i

l_-Laﬁ-Lmﬁ-—Ls&a—

6 ft

-

Draw the shear and bending-
moment diagrams for the beam
and loading shown.

Dr. M. Aghayi

SOLUTION:

Taking entire beam as a free-body, determine
reactions at supports.

Between concentrated load application
points, dV/dx=-w=0 and shear is
constant.

With uniform loading between D and E, the
shear variation 1s linear.

Between concentrated load application
points, dM/dx =V = constant. The change
in moment between load application points 1s
equal to area under shear curve between
points.

With a linear shear variation between D
and E, the bending moment diagram is a
parabola.
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Vector Mechanics for Engineers: Statics

Sample Problem 7.4

V(kips)

20 kips 12

kips

4ft -
3212 kips

dps 12

TYyY
oo,
D

e—10 ft 8 ft—
kips 1.5 kips/ft

}‘1!

18 kips

18 kips

+18

”f _

26 kips

(+48)

+12\&

(—140)

- 14

SOLUTION:

 Taking entire beam as a free-body,
determine reactions at supports.

ZMAZO:

D(24 ft)— (20 kips (6 ft)— (12 kips )(14 ft)

—(12kips )28 ft) =0

2. F, =0:

= 26 kips

A, —20kips —12kips +26 kips —12 kips = 0

A, =18kips

« Between concentrated load application points,
dV/dx = —w =0 and shear is constant.

» With uniform loading between D and E, the shear

variation 1is linear.
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Vector Mechanics for Engineers: Statics

Sample Problem 7.4

20 kips 12 kips 1.5 kips/ft

18 kips

V(kips)
+18

o 3
S R e LY g
: :.i'.".ﬁa.;:} Rl R

1 Yy

(+108)

(-16)
L

+12\’K

» Between concentrated load application
points, dM /dx =V = constant. The change
in moment between load application points is
equal to area under the shear curve between
points.

Mpz—M,=+108 My =+108kip-fi
MC_MB =-16 MC :+92klpft
MD—MC=—14O MD=—48klpft

BN

(—140)

ME—MD:+48 ME:O

« With a linear shear variation between D
and £, the bending moment diagram is a
parabola.

Dr. M. Aghayi
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Vector Mechanics for Engineers: Statics

Sample Problem 7.5

Draw the shear and bending-moment diagrams for the beam and loading
shown and determine the location and magnitude of the maximum bending
moment.

20 kN/m

ERRRRREN

Al 185
) _A B e

|*—6 m—»\e3 m»|
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Vector Mechanics for Engineers: Statics

Sample Problem 7.5

Free-Body: Entire Beam. Considering the entire beam as a free body, we
obtain the reactions

R, = SOKkNx  Rg = 40 kNx

Shear Diagram. The shear just to the right of A is V, = +80 kN. Since
the change in shear between two points is equal to minus the area under
the load curve between the same two points, we obtain Vg by writing

Ve — Vy = —(20 kN/m)(6 m) = —120 kN
Vo= —120 + V, = —120 + 80 = —40 kN

Since the slope dV/dx = —w is constant between A and B, the shear dia-
gram between these two points is represented by a straight line. Between
B and C, the area under the load curve is zero; therefore,

V{'; — 1’?3 — 0 Vc — VB s _40 kN

<
>

and the shear is constant between B and C.
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Vector Mechanics for Engineers: Statics
Sample Problem 7.5

20 kN/m

AREERERN
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Vector Mechanics for Engineers: Statics
Sample Problem 7.5

Bending-Moment Diagram. We note that the bending moment at each
end of the beam is zero. In order to determine the maximum bending
moment, we locate the section D of the beam where V = 0. We write

1’?;_) — 1"?4 - — X
0 — 80 kN = —(20 kN/m)x

and, solving for x: r=4m

The maximum bending moment occurs at point D, where we have
dM/dx = V = 0. The areas of the various portions of the shear diagram are
cmnputed and are given (in parentheses) on the diagram. Since the area of
the shear diagram between two points is equal to the change in bending
moment between the same two points, we write

Mp — M, = +160 kN * m M, = +160 kN * m
Mg — Mp =— 40kN - m Mz = +120 kN * m
Mc = ME — _]_20 ](N * 111 M{: w— 0
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Vector Mechanics for Engineers: Statics

Sample Problem 7.5

The bending-moment diagram consists of an arc of parabola followed by a
segment of straight line; the slope of the parabola at A is equal to the value
of V at that point.
The maximum bending moment is
vy M,..= Mp= +160 kN - m
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Vector Mechanics for Engineers: Statics

Sample Problem 7.6

SOLUTION:

* The change in shear between 4 and B is equal
to the negative of area under load curve
between points. The linear load curve results
in a parabolic shear curve.

» With zero load, change in shear between B
and C is zero.

e The change in moment between 4 and B 1s
equal to area under shear curve between
points. The parabolic shear curve results in
a cubic moment curve.

Sketch the shear and bending-
moment diagrams for the
cantilever beam and loading
shown.

The change in moment between B and C is
equal to area under shear curve between
points. The constant shear curve results in a
linear moment curve.

) [V] [A]
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Vector Mechanics for Engineers: Statics

Sample Problem 7.6
SOLUTION:

* The change in shear between 4 and B is equal to
negative of area under load curve between points.

N The linear load curve results in a parabolic shear
curve.
\%
dVv
| » " [ | . ' atA, VA:O, d—:_W:—WO
- 5 \ﬁﬂ - Eif‘{].ﬂ( —a X
Nk 1 1
& | V=V 4=—5wa Vp =—5wya
— g %ot — 3 woa
dV
atB, —=-w=0
dx

« With zero load, change in shear between B and C'is
Zero.
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Vector Mechanics for Engineers: Statics
Sample Problem 7.6

* The change in moment between 4 and B is equal

wy to area under shear curve between the points.
RESER 5 The parabolic shear curve results in a cubic
B o

B moment curve.
- I -
M
atA, MA:O, d—zV:O
% dx
Mpg—M,=—Lwya? My =—Lwya?
B~ My =—3Wd B = 3 W4
MC—MB:—%wOa(L—a) Mcz—%woa(3L—a)

* The change in moment between B and C is equal
to area under shear curve between points. The
constant shear curve results in a linear moment
curve.

— s woa(3L - a)
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Vector Mechanics for Engineers: Statics

Sample Problem 7.7

The simple beam AC is loaded by a couple of magnitude T applied at point B.
Draw the shear and bending-moment diagrams for the beam.

B
o [C
oty

Al
A
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Vector Mechanics for Engineers: Statics
Sample Problem 7.7

Free-Body: Entire Beam. The entire beam is taken as a free body, and we
obtain

Shear and Bending-Moment Diagrams. The shear at any section is con-
stant and equal to T/L. Since a couple is applied at B, the bending-moment
diagram is discontinuous at B; the bending moment decreases suddenly by
an amount equal to T.
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Vector Mechanics for Engineers: Statics
Cables With Concentrated Loads

» Cables are applied as structural elements
in suspension bridges, transmission lines,
aerial tramways, guy wires for high
towers, etc.

 For analysis, assume:

a) concentrated vertical loads on given
vertical lines,

b) weight of cable 1s negligible,

c) cable 1s flexible, i.e., resistance to
bending 1s small,

d) portions of cable between successive
loads may be treated as two force
members

» Wish to determine shape of cable, 1.¢.,
vertical distance from support 4 to each
load point.
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Vector Mechanics for Engineers: Statics
Cables With Concentrated Loads

 Consider entire cable as free-body. Slopes of
cable at 4 and B are not known - two reaction
components required at each support.

 Four unknowns are involved and three
equations of equilibrium are not sufficient to
determine the reactions.

 Additional equation is obtained by
considering equilibrium of portion of cable
AD and assuming that coordinates of point D
on the cable are known. The additional
equationis Y . M p =0.

 For other points on cable,
2Mc, =0 yieldsy,
2 F=0,2F, =0 yieldT,,T,

T, =T cosf = A, =constant
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Vector Mechanics for Engineers: Statics

Cables With Distributed Loads

) [V] [A]
i

Dr. M. Aghayi

B

» For cable carrying a distributed load:

a) cable hangs in shape of a curve
b) 1internal force 1s a tension force directed along
tangent to curve.

Consider free-body for portion of cable extending
from lowest point C to given point D. Forces are
horizontal force T, at C and tangential force T at D.

From force triangle:
T'cosO =T, I'sm@=W

T=\12+W? tano=""
Iy
Horizontal component of T 1s uniform over cable.
Vertical component of T is equal to magnitude of W
measured from lowest point.

Tension is minimum at lowest point and maximum
at A and B.
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Vector Mechanics for Engineers: Statics
Parabolic Cable

 Consider a cable supporting a uniform, horizontally
distributed load, e.g., support cables for a

y /34 suspension bridge.
P~ Ny « With loading on cable from lowest point C to a
A point D given by W = wx, internal tension force
L magnitude and direction are
N T=\/T02—|rw2x2 tand =
y Iy
T
D/N\e e Summing moments about D,
I
“';?-'E"H _i ‘s 2 Mp=0: Wxg—Toy=0
0 | % e %
' W=1w:x o1 WX 2
Y7o,

The cable forms a parabolic curve.
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Vector Mechanics for Engineers: Statics

Sample Problem 7.8

A-{

20 ft

l

4 kips

L[. ki 12 Li]i\‘
B l[lh
20ﬁ—>|10ft|415 ft>t=15 ft >

The cable AE supports three vertical
loads from the points indicated. If
point C is 5 ft below the left support,
determine (a) the elevation of points
B and D, and (b) the maximum slope
and maximum tension in the cable.

Dr. M. Aghayi

SOLUTION:

« Determine reaction force components at

A from solution of two equations formed
from taking entire cable as free-body
and summing moments about £, and
from taking cable portion ABC as a free-
body and summing moments about C.

Calculate elevation of B by considering
AB as a free-body and summing
moments B. Similarly, calculate
elevation of D using ABCD as a free-
body.

Evaluate maximum slope and
maximum tension which occur in DE.
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Vector Mechanics for Engineers: Statics
Sample Problem 7.8

SOLUTION:

« Determine two reaction force components at 4
from solution of two equations formed from
taking entire cable as a free-body and summing
moments about E,

Mg =0:
204, — 604, +40(6)+30(12)+15(4)=0

204, —604,, +660=0

and from taking cable portion ABC as a
free-body and summing moments about C.

ZMC =0:
—54,-304, +10(6)

0

Solving simultaneously,
A, =—-18kips A, =5kips
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Vector Mechanics for Engineers: Statics
Sample Problem 7.8

l.’f

 Calculate elevation of B by considering 4B as
a free-body and summing moments B.

SMg=0: yz(18)-5(20)=0

YBp = —5.56 1t

Similarly, calculate elevation of D using
ABCD as a free-body.

dM=0:
—yp(18)—45(5)+25(6)+15(12) =0

vy =5.831

2 kips
20 ft =10 ft LIS &’J
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Vector Mechanics for Engineers: Statics
Sample Problem 7.8

» Evaluate maximum slope and

E, , . . . .
E, =18 kips maximum tension which occur in DE.

’[ E

—

b |14.17 ft
- T 5.83 ft tan@ = 14—7 0 =43.4°
18 kips I 15
4 kips
l15ft~
T = 18 kips T, 0 = 24.8Kips
cos @
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Vector Mechanics for Engineers: Statics
Sample Problem 7.9

A light cable is attached to a support at A, passes over a small pulley at B,
and supports a load P. Knowing that the sag of the cable is 0.5 m and that
the mass per unit length of the cable is 0.75 kg/m, determine (a) the mag-
nitude of the load P, (b) the slope of the cable at B, (c) the total length of
the cable from A to B. Since the ratio of the sag to the span is small, assume

the cable to be parabolic. Also, neglect the weight of the portion of cable
from B to D.
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Vector Mechanics for Engineers: Statics

Sample Problem 7.9

a. Load P. We denote by C the lowest point of the cable and draw the
free-body diagram of the portion CB of cable. Assuming the load to be
uniformly distributed along the horizontal, we write

w = (0.75 kg/m)(9.81 m/s”) = 7.36 N/m
The total load for the portion CB of cable is
W = wxg = (7.36 N/m)(20 m) = 147.2 N

W=1472N
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Vector Mechanics for Engineers: Statics
Sample Problem 7.9

and is applied halfway between C and B. Summing moments about B, we
write

+1 ZM = 0: (147.2 N)(10 m) — Ty(0.5 m) = 0 T, = 2944 N

From the force triangle we obtain

T, = 2T + W?
= 2(2944 N)* + (1472 N)* = 2048 N

Since the tension on each side of the pulley is the same, we find

P = Y‘H — 25‘)—18 N
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Vector Mechanics for Engineers: Statics

Sample Problem 7.9

W="14/2 N

b. Slope of Cable at B. We also obtain from the force triangle

]
W _uTeN
= M= = eaN
u:
>

Dr. M. Aghayi WhatsApp: +989394054409




Vector Mechanics for Engineers: Statics

Sample Problem 7.9

Y

-:—XB=20m—:—

c. Length of Cable. Applying Eq. (7.10) between C and B, we write

2 i 2
@ SB:IB[]_+_(J_H) +]
3 Xgp
@ 2/05m\°
= (20m)|1 + + -+ | = 20.00833 m
E 3\ 20 m
The total length of the cable between A and B is twice this value,
g

Length = 25z = 40.0167 m
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Catenary

Dixy)

Dr. M. Aghayi

« Consider a cable uniformly loaded along the cable
itself, e.g., cables hanging under their own weight.

« With loading on the cable from lowest point C to a
point D given by W =ws, the internal tension force
magnitude is

T:\/T()2+wzs2 = w2 +52 c:T%

 To relate horizontal distance x to cable length s,

dx:dscose—TO cosd = ds
Jg+st/e
ds =c sinh 5 and S:csinhE

0\/q+s /c ¢
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Vector Mechanics for Engineers: Statics
Catenary

» To relate x and y cable coordinates,
dy = dx tanf = dx = 5 dx = sinh ~ dx
1y c c
e ~ x x
0 . y—c=[sinh=dx=ccosh=—c
0 c c

X
y =c cosh —
c

which is the equation of a catenary.
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Vector Mechanics for Engineers: Statics

Sample Problem 7.10

A uniform cable weighing 3 Ib/ft is suspended between two points A and B
as shown. Determine (¢) the maximum and minimum values of the tension
in the cable, (b) the length of the cable.
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Sample Problem 7.10

Ci\/ _}fB

O X

Xg

Equation of Cable. The origin of coordinates is placed at a distance ¢
& =9 g I

below the lowest point of the cable. The equation of the cable is given by
Eq. (7.16) i
g y = ¢ cosh i
The coordinates of point B are

xp = 250 ft yg = 100 + ¢
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Sample Problem 7.10

250
100 + ¢ = ¢ cosh —
c
100 250
—— + 1 = cosh —
c c

Substituting these coordinates into the equation of the cable, we obtain

The value of ¢ is determined by assuming successive trial values, as shown
in the following table:

250 100 100 250
c = — ——e || cosh —
c ¢ c c
300 0.833 0.333 1.333 1.367
350 0.714 0.286 1.286 1.266
330 0.758 0.303 1.303 1.301
328 0.762 0.305 1.305 1.305

Dr. M. Aghayi
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Sample Problem 7.10

Taking ¢ = 328, we have
gz = 100 + ¢ = 428 ft

a. Maximum and Minimum Values of the Tension. Using Egs. (7.18),

we obtain
T... = T = we = (3 Ib/At)(328 ft) T..= 984 1b
Tow = Tp = wy = (3 1/A)(428 ft) T = 1284 1b
&l
b. Length of Cable. One-half the length of the cable is found by solving

Eq. (7.17):
= yp — seg = ¢ seg =yg —c = (428)" — (328> scp =275 ft
The total length of the cable is therefore

SAB — 23[;5 — 2(275 ft) SAB — 550 ft
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Vector Mechanics for Engineers: Statics

Introduction

In preceding chapters, it was assumed that surfaces in contact were
either frictionless (surfaces could move freely with respect to each

other) or rough (tangential forces prevent relative motion between

surfaces).

Actually, no perfectly frictionless surface exists. For two surfaces
in contact, tangential forces, called friction forces, will develop if
one attempts to move one relative to the other.

However, the friction forces are limited in magnitude and will not
prevent motion if sufficiently large forces are applied.

The distinction between frictionless and rough is, therefore, a matter
of degree.

There are two types of friction: dry or Coulomb friction and fluid
friction. Fluid friction applies to lubricated mechanisms. The
present discussion is limited to dry friction between nonlubricated
surfaces.
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The Laws of Dry Friction. Coefficients of Friction

* Block of weight /¥ placed on horizontal
surface. Forces acting on block are its weight
and reaction of surface N.

@+ Small horizontal force P applied to block. For
' block to remain stationary, in equilibrium, a
horizontal component F of the surface reaction
1s required. F'1s a static-friction force.

F | Equilibrium |  Motion
|

m

* As P increases, the static-friction force F
increases as well until it reaches a maximum
value F, .

F

Py = ugN

 Further increase in P causes the block to begin
to move as F drops to a smaller kinetic-friction

force F.

<
>

Fie = N
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The Laws of Dry Friction. Coefficients of Friction

Table 8.1. Approximate
Values of Coefficient of Static
Friction for Dry Surfaces

Metal on metal 0.15-0.60
Metal on wood 0.20-0.60
Metal on stone 0.30-0.70
Metal on leather 0.30-0.60
Wood on wood 0.25-0.50
Wood on leather 0.25-0.50
Stone on stone 0.40-0.70
Earth on earth 0.20-1.00

Rubber on concrete 0.60-0.90

 Maximum static-friction force:
F,, = u,N

e Kinetic-friction force:
by =y N

Hi = O75,US

« Maximum static-friction force and kinetic-
friction force are:

- proportional to normal force

- dependent on type and condition of
contact surfaces

- 1ndependent of contact area
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The Laws of Dry Friction. Coefficients of Friction

 Four situations can occur when a rigid body 1s in contact with
a horizontal surface:

* No friction,  No motion, * Motion impending,
(P.=0) (P.<F,)) (P.=F,)
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Angles of Friction

« It 1s sometimes convenient to replace normal force
N and friction force F' by their resultant R:

< * No friction « No motion * Motion impending * Motion
F
= tang, = m — Hs N tan ¢, = e _ N
N N N N
tan g = 4 tan gy = 1y
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Angles of Friction

» Consider block of weight ¥ resting on board with
variable inclination angle 6.

Wsin @ %

' R\. :
- *Fp < Wsin @
0<¢s  RL%_ weing 8 ="¢, = angle of repose 0>, o

* No friction  No motion  Motion  Motion
impending
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Problems Involving Dry Friction

All applied forces known ~ « All applied forces known ¢ Coefficient of static
friction 1s known

Coefficient of static friction < Motion is impending

1s known , _* Motion 1s impendin

* Determine value of coefficient P &
Determine whether body of static friction. * Determine magnitude or
will remain at rest or slide direction of one of the

<
B -

applied forces
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Sample Problem 8.1

SOLUTION:

» Determine values of friction force
and normal reaction force from plane
required to maintain equilibrium.

 Calculate maximum friction force
and compare with friction force
required for equilibrium. Ifit is
greater, block will not slide.

100 Ib

o If maximum friction force is less
than friction force required for
equilibrium, block will slide.
Calculate kinetic-friction force.

A 100 1b force acts as shown on a 300 1b
block placed on an inclined plane. The
coefficients of friction between the block
and plane are g, = 0.25 and g, = 0.20.
Determine whether the block is in
equilibrium and find the value of the
friction force.

) [V] [A]
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<
>

Sample Problem 8.1

300 Ib SOLUTION:

~“x * Determine values of friction force and normal
, reaction force from plane required to maintain
equilibrium.

> Fy=0: 1001b-3(3001b)-F =0
F=-801b

100 Ib
2. F,=0:  N-%(3001b)=0
N =2401b

 Calculate maximum friction force and compare
with friction force required for equilibrium. If it is
greater, block will not slide.

F,=u/N F,=0252401b)=481b

The block will slide down the plane.
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Sample Problem 8.1

300 Ib e If maximum friction force is less than friction
force required for equilibrium, block will slide.
Calculate kinetic-friction force.

Factual = Fk = /ukN

=0.20(2401b)

100 1b

F =45 ﬂ_'l‘

F

actual

=481b

N = 240 Ib
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Sample Problem 8.2

A support block is acted upon by two forces as shown. Knowing that the
coefficients of friction between the block and the incline are m; = 0.35 and
me = 0.25, determine the force P required (a) to start the block moving up
the incline, (b) to keep it moving up, (¢) to prevent it from sliding down.

™ g _ -
250 f "-.G 7 !
]

800 N
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Sample Problem 8.2

Free-Body Diagram. For each part of the problem we draw a free-body
diagram of the block and a force triangle including the 800-N vertical force,
the horizontal force P, and the force R exerted on the block by the incline.
The direction of R must be determined in each separate case. We note that
since P is perpendicular to the 800-N force, the force triangle is a right tri-
angle, which can easily be solved for P. In most other problems, however,
the force triangle will be an oblique triangle and should be solved by apply-
ing the law of sines.
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Sample Problem 8.2

: Statics

800 N
P tan ¢s = 4 800 N
=035
&, = 19.29°
R 25° + 19.29° = 44 .29°
s s

a. Force P to Start Block Moving Up

P = (800 N) tan 44.29°
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Sample Problem 8.2

800 N
P
P tan ¢y = 4 800 N
=025
" 0y = 14.04° 4
25° + 14.04° = 39.04°
R
257
& b. Force P to Keep Block Moving Up
< P
P = (800 N) tan 39.04° P =649 Nz
>
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Sample Problem 8.2

800 N

#=19.29°
b 25°-19.29°=571° s

ﬁJ"S)Z l

25 R

c. Force P to Prevent Block from Sliding Down

<
>

P = (800 N) tan 5.71°
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Sample Problem 8.3

SOLUTION:

 When W 1s placed at minimum x, the
bracket is about to slip and friction
forces in upper and lower collars are at
maximum value.

» Apply conditions for static equilibrium
to find minimum wx.

The moveable bracket shown may be
placed at any height on the 3-in.
diameter pipe. If the coefficient of

0.25, determine the minimum distance
x at which the load can be supported.
Neglect the weight of the bracket.
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Sample Problem 8.3

SOLUTION:

 When W is placed at minimum x, the bracket is about to
slip and friction forces in upper and lower collars are at
maximum value.

FA ZILISNAZO.ZSNA
FB :,USNB :OZSNB

* Apply conditions for static equilibrium to find minimum x.
YF.=0: Ng—N,=0 N =Ny
ZFy =0: Fy+Fp-W=0
0.25N 4 +025Ng -W =0
0.5N , =W N,y =Ng=2W
>Mg=0: Ny(6in)-F,3in)-W(x-1.5in.)=0
6N 4 —3(0.25N 4 )-W(x-1.5)=0
6(2W)—0.752W )-W(x-1.5)=0

x=121n.
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* Wedges - simple  Block as free-body « Wedge as free-body
hm;chn;(e)z (111:ed to raise SF. =0: SF.=0:
A% :
£ ’ =Ny + N, =0 — 1t,Ny — N3( 1, c0s6° —sin6°)
» Force required to lift SF,=0: L P=0
block is significantly g

less than block weight. —W —pugNi+ Ny =0 ZFy =0:

« Friction prevents wedge ot = Ny + N3(cos6° — 4y sin6°) = 0
from sliding out. Ri+R,+W =0 or
* Want to find minimum p_ Rz i 1§3 ~0

force P to raise block.
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Square-Threaded Screws

» Square-threaded screws frequently used in jacks, presses, etc.
Analysis similar to block on inclined plane. Recall friction
force does not depend on area of contact.

» Thread of base has been “unwrapped” and shown as straight
line. Slope is 2nr horizontally and lead L vertically.

* Moment of force Q is equal to moment of force P. Q= Pa/r

A

.
L._-’-;'"E_s
| 8

anr

« Impending motion « @, >0, Self-locking, solve  + @ >0, Non-locking, solve
upwards. Solve for for QO to lower load. for Q to hold load.
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Sample Problem 8.4

The position of the machine block B is adjusted by moving the wedge A.
Knowing that the coefficient of static friction is 0.35 between all surfaces of
contact, determine the force P required (a) to raise block B, (b) to lower

block B.
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Sample Problem 8.4

For each part, the free-body diagrams of block B and wedge A are drawn,
together with the corresponding force triangles, and the law of sines is
used to find the desired forces. We note that since m; = 0.35, the angle of
friction is

) f = tan' 0.35 = 19.3°
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Sample Problem 8.4

1400 D

{95 19 30 180° - gig;:: 109.3°
5 e \ R, B '
\R; ©+193° ¢
= 'IU‘;' Z ol

+193“—2?3°

W

a. Force P to Raise Block
Free Body: Block B

R, 400 1b
sin 109.3° sin 43.4°
R, = 5491b
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Sample Problem 8.4

27.3°
Y 5 90°-19.3°=70.7°
R, =549 Ib )
il — s

549 1D\ Y 33
97.3° + 19.3°
R3f.. 130 = 46.6°

&
Free Bﬂd.y: Wizdge A
P 5491b
= sin 46.6°  sin 70.7°
P=4231b P =4231bz
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Sample Problem 8.4

400 Ib
l 90° - 19.3° =70.7°
| b, = 19.3°
B
] R
19.3° - 82 )
- 11.3° \1’8
R1
& g, =19.3°
b. Force P to Lower Block
E Free Body: Block B
R
1 _ 400 Ib
sin 70.7° sin 98.0°
R, = 3811b
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Sample Problem 8.4

0o —~ 90° - 19.3° = 70.7°
A jﬁ =3811b

19.30] \*2 | .¥19.3°+11.3°
= 30.6°

Free Body: Wedge A

P 381 Ib
sin 30.6°  sin 70.7°
P=206b P=20061ID>y
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Sample Problem 8.5

SOLUTION

 Calculate lead angle and pitch angle.

» Using block and plane analogy with
impending motion up the plane, calculate
the clamping force with a force triangle.

A clamp 1s used to hold two pieces of
wood together as shown. The clamp
has a double square thread of mean

» With impending motion down the plane,
calculate the force and torque required to
loosen the clamp.

If a maximum torque of 40 N*m i1s
applied in tightening the clamp,

pieces of wood, and (b) the torque
required to loosen the clamp.
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Sample Problem 8.5

¢, = 16.7°

SOLUTION

::L=4mm

2xr = 10xr mm ——s

8 + ¢, = 24.0°
N

w

Q =8kN

<
>

Dr. M. Aghayi

 Calculate lead angle and pitch angle. For the double

threaded screw, the lead L 1s equal to twice the pitch.

ang =L 2 22mm) o450 6=173°
27z r 107 mm

tang, = u, = 0.30 ¢y =16.7°

 Using block and plane analogy with impending
motion up the plane, calculate clamping force with
force triangle.

40 N-m

Or=40N-m 0= =8kN
5mm
@) 8kN
tan(0 + ¢, )= = W=
( ¢S) w tan 24°

W =17.97kN
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Sample Problem 8.5

Wi K107 %N « With impending motion down the plane, calculate
the force and torque required to loosen the clamp.

1L=4mm

tan(g, — )= % O =(17.97kN)tan9.4°
8, = 16.7° O =2.975kN

fe——2mr = 107 mm ——|

Torque = Qr =(2.975kN)(5mm)
=(2.975><103N 5><10_3m)

™~ Torque =14.87N-m

Ry W = 17.97 kN
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Moment to Raise = W r tan(0 + ¢,)

Moment to Lower = W r tan(0 - ¢,)
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Journal Bearings. Axle Friction

<
>

Dr. M. Aghayi

Journal bearings provide lateral support to rotating
shafts. Thrust bearings provide axial support

Frictional resistance of fully lubricated bearings
depends on clearances, speed and lubricant viscosity.
Partially lubricated axles and bearings can be
assumed to be in direct contact along a straight line.

Forces acting on bearing are weight W of wheels and
shaft, couple M to maintain motion, and reaction R
of the bearing.

Reaction 1s vertical and equal in magnitude to W.

Reaction line of action does not pass through shaft
center O; R 1s located to the right of O, resulting in
a moment that is balanced by M.

Physically, contact point is displaced as axle
“climbs” 1n bearing.
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Journal Bearings. Axle Friction

Axle Friction (Journal Bearings)

If the journal bearings fit the axle tightly and are well-lubricated, then the laws of fluid
mechanics are used to determine the frictional resistance. However, if the bearing is
somewhat loose fitting and is not well-lubricated, then the laws of dry friction apply.
This is the approach used here.

Assumptions:
1) The axle is loose fitting
2) The bearing is not well-lubricated

3) As the axle rotates, it “climbs up” the
wall of the support and there is a single
point of contact between the axle and

Rotation

Note how the axle fits
Loosely in the support.

<
>

Note how the axle climbs up the wall of the support. i

A single point of contact, A, is assumed.
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Journal Bearings. Axle Friction

« Angle between R and e May treat bearing » For graphical solution,
< normal to bearing reaction as force- R must be tangent to
surface 1s the angle of couple system. circle of friction.
> kinetic friction ¢;. ry =rsin g
M = Rrsin ¢y, ~ i
~ Rrpy
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Thrust Bearings. Disk Friction

Consider rotating hollow shalft:

AM=rAF:r,ukAN=r,uk§AA

_ I"llePAA \
(R} - R?)

(a) End bearing (b) Collar bearing

2
VR jﬂjr drd0
(Rz — Ry ) 0 R,
R3 —R}
R3 —R{

For full circle of radius R,
M =3 PR
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Wheel Friction. Rolling Resistance

 Point of wheel in contact
with ground has no
relative motion with
respect to ground.

Ideally, no friction.

Dr. M. Aghayi

* Moment M due to frictional
resistance of axle bearing
requires couple produced by
equal and opposite P and F.

Without friction at rim,
wheel would slide.
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» Deformations of wheel and
ground cause resultant of
ground reaction to be
applied at B. P is required
to balance moment of W

about B.

Pr=Wwb
b = coef of rolling resistance
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<
>

Sample Problem 8.6

A pulley of diameter 4 1n. can
rotate about a fixed shaft of
diameter 2 in. The coefficient of

static friction between the pulley
and shaft 1s 0.20.

Determine:

» the smallest vertical force P

required to start raising a
500 1b load,

* the smallest vertical force P
required to hold the load,
and

* the smallest horizontal force
P required to start raising
the same load.

SOLUTION:

* With the load on the left and force
)\ P on the right, impending motion
1s clockwise to raise load. Sum

moments about displaced contact
point B to find P.

* Impending motion 1s counter-
clockwise as load 1s held
stationary with smallest force P.
Sum moments about C to find P.

R it
o » With the load on the left and force

| P acting horizontally to the right,
impending motion 1s clockwise to

raise load. Utilize a force triangle
to find P.
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Sample Problem 8.6
SOLUTION:

» With the load on the left and force P on the right,
impending motion is clockwise to raise load. Sum
moments about displaced contact point B to find P.

The perpendicular distance from center O of pulley
to line of action of R is

rp=rsingg = rug  rp~(1in.)0.20 =0.20in.

W =500 Ib

Summing moments about B,
l-2.20in.

1.80 in.
" SMy=0:  (2.20in.)Y5001b)—(1.80in.)P =0

P=611Ib
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Sample Problem 8.6

« Impending motion 1s counter-clockwise as load is held

stationary with smallest force P. Sum moments about
C to find P.

The perpendicular distance from center O of pulley to
line of action of R is again 0.20 in. Summing
moments about C,

111- = F."[H] “]

<180 in YMc=0:  (1.80in.)(5001b)—(2.20in.)P = 0

P =4091b
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Sample Problem 8.6

« With the load on the left and force P acting
horizontally to the right, impending motion is

clockwise to raise load. Utilize a force triangle to
find P.

Since W, P, and R are not parallel, they must be
concurrent. Line of action of R must pass through
intersection of /¥ and P and be tangent to circle of
friction which has radius r,= 0.20 in.

W =500 Ib , OF 0.201n.
sin @ = = —
OD (2in.)V2
0=4.1°

=0.0707

W =500 1b
From the force triangle,

P =W cot(45°—8) = (5001b)cot 40.9°
P=5771b

) [V] [A]
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Belt Friction

» Relate 7, and T, when belt 1s about to slide to right.

* Draw free-body diagram for element of belt

Y F.=0: (T+AT)COSA79—TCOSA7H—/1SAN=O

> F,=0: AN—(T+AT)sinA7‘9—TsinA7‘9=0

« Combine to eliminate AN, divide through by A6,
AT AO (T \ AT) sin(A6)/2)
2 AG/2

In the limit as A& goes to zero,

L3 4 L uT=0
\'L.‘?‘.‘?JJ dﬁ /us

Separate variables and integrate from @ =0to 8 = 8
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Sample Problem 8.7

A hawser thrown from a ship to a pier is wrapped two full turns around a
bollard. The tension in the hawser is 7500 N; by exerting a force of 150 N
on its free end, a dockworker can just keep the hawser from slipping.
(a) Determine the coefficient of friction between the hawser and the bol-
lard. (b) Determine the tension in the hawser that could be resisted by
the 150-N force if the hawser were wrapped three full turns around

the bollard.
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Sample Problem 8.7

a. Coefficient of Friction. Since slipping of the hawser is impending, we
use Eq. (8.13):

T,
In— = m>b
T,

Since the hawser is wrapped two full turns around the bollard, we have

b = 2(2p rad) = 12.57 rad
T, = 150 N T, = 7500 N

Therefore,
b =1 15
mb =In—
7500 N
m.(12.57rad) = 1 = In50 = 391
s rad) DN n
m, = 0.311 m. = 0.311
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Sample Problem 8.7

: Statics

Dr. M. Aghayi
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Sample Problem 8.7

b. Hawser Wrapped Three Turns Around Bollard. Using the value of m,

obtained in part a, we now have

b = 3(2p rad) = 18.85 rad
T, =150 N m = 0311

Substituting these values into Eq. (8.14), we obtain

] Ty b

5

@ 15](;*2N — p(031)1885) _ 5862 _ 357 &

> T, = 52 725 N

T, = 52.7 kN
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Sample Problem 8.8

A flat belt connects pulley A4 to pulley B.
8 The coefficients of friction are .= 0.25
and g, = 0.20 between both pulleys and
< the belt.

> Knowing that the maximum allowable

tension in the belt 1s 600 lb, determine

the largest torque which can be exerted
by the belt on pulley 4.

Dr. M. Aghayi

SOLUTION:

 Since angle of contact is smaller,
slippage will occur on pulley B first.
Determine belt tensions based on
pulley B.

» Taking pulley A as a free-body, sum
moments about pulley center to
determine torque.
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Sample Problem 8.8

'B - 240& SOLUTION:

o

 Since angle of contact 1s smaller, slippage will
occur on pulley B first. Determine belt tensions
based on pulley B.

Ta _omp OO0 _ 0250m3) _ ggg

el

T, = 600 Ib T = 6001b _355.41b
1.688
L _ 190° « Taking pulley A4 as free-body, sum moments about

pulley center to determine torque.

S>My=0: M ,+(8in.)(355.41b—6001b)=0

M , =163.11b-ft

TE = ﬁ[ﬂ] l[l

T, = 355.4 b
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The strength of structural members depends to a large extent on the perties of their cross
sections, particularly on the second moments, or moments of inertia, of their areas.
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Introduction

Chapter 9 — Moments of Inertia

Moments of inertia are not actually used in Statics; however, since the calculations
for moments of inertia are quite similar to those for centroids they are introduced at
this point. Moments of inertia are used in courses such as mechanics of materials,
dynamics, and fluid mechanics.

The moment of inertia of an object is a measure of its resistance to change in
rotation. Everyday experience tells us that it is harder to start (or stop) a large wheel
turning than a small wheel. Mathematically, this 1s represented by the large wheel
having a larger moment of inertia.

Moments of inertia are used in various engineering calculations, including:

» Locating the resultant of hydrostatic pressure forces on submerged bodies

» Calculating stresses in beams — they are at times related to the moment of inertia
of the cross-sectional area of the beam (resistance to bending)

» Mass moments of inertia are used in studying the rotational motion of objects
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Introduction

* Previously considered distributed forces which were proportional to the
area or volume over which they act.
- The resultant was obtained by summing or integrating over the
areas or volumes.
- The moment of the resultant about any axis was determined by
computing the first moments of the areas or volumes about that
axis.

» Will now consider forces which are proportional to the area or volume
over which they act but also vary linearly with distance from a given axis.
- It will be shown that the magnitude of the resultant depends on the
first moment of the force distribution with respect to the axis.
- The point of application of the resultant depends on the second
moment of the distribution with respect to the axis.

<
>

 Current chapter will present methods for computing the moments and
products of inertia for areas and masses.
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Moment of Inertia of an Area

e AF = kyAA

« Consider distributed forces AF whose magnitudes are

proportional to the elemental areas AA on which they
act and also vary linearly with the distance of A4
from a given axis.

Example: Consider a beam subjected to pure bending.
Internal forces vary linearly with distance from the
neutral axis which passes through the section centroid.

AF = kyAA4
R=kjydA=O jydAzszﬁrstmoment
M = kj ysz j y2 dA = second moment

Example: Consider the net hydrostatic force on a
submerged circular gate.

AF = pAA = ywAA
Rz;/jydA

M, :7Iy2dA
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Moment of Inertia of an Area by Integration

dA =(a-x)dy ___—

if

dA = dx dy g

» Second moments or moments of inertia of
an area with respect to the x and y axes,

I,=[y*dA I,=[x"dA

dl, = y2dA

dA =y elx

a,=xdr "o Byaluation of the integrals 1s simplified by
choosing dA to be a thin strip parallel to
one of the coordinate axes.

 For a rectangular area,

{ 'H- N h
dj',,=.1'2rbfx I.X' — J‘ysz = .[yzbdy = %bh3
0

* The formula for rectangular areas may also
. be applied to strips parallel to the axes,

L dl :%y3dx i, =x2dA=x2ydx
dl, = %y”rfx

dl, = x*y dx
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Polar Moment of Inertia

» The polar moment of inertia 1s an important
y parameter in problems involving torsion of
cylindrical shafts and rotations of slabs.

Jo = [rd4

* The polar moment of inertia is related to the
rectangular moments of inertia,

Jo=[rrda=[(x* +y* Jia = [ x*dA+ [ y2da
:]y+[x
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Radius of Gyration of an Area

o el

<
>

« Consider area A with moment of inertia
.. Imagine that the area 1s
concentrated in a thin strip parallel to
the x axis with equivalent /..

I, =k’A kf:%-

k.= radius of gyration with respect
to the x axis

 Similarly,

I

1.2 _ y
[, =k;4 @_JZ
JOZkgA k0=1/J70

kb =ky +k;

Dr. M. Aghayi
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Determining moments of inertia

Moments of inertia can be found using three methods:

1. Composites — If an object can be divided up into relatively simple shapes
with known moments of inertia, then the moment of inertia of the entire is the
sum of the moments of inertia of the composites. For N composite shapes:

[, =1 +1 +..+1_

Iy :[y1 +[y2 +...+IyN

2. Integration — If the area, volume, or line of an object can be described by a
mathematical equations, then the moment of inertia can be determined
through integration.

I,=[y*d4 I, =[x"dA

3. Solid modeling software — Software such as AutoCAD can be used to
construct 3D models of objects. The software can also determine the
centroid , volumes, moments of inertia and other mass properties of the
object). This 1s not a required element of this course, but an example will be
provided.
Dr. M. Aghayi WhatsApp: +989394054409
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Sample Problem 9.1

y SOLUTION:

« A differential strip parallel to the x axis is chosen for
dA.

dl. =y*d4  dA=Ildy

* For similar triangles,

L_h=y _phmy gty Y dy
b h h h

Determine the moment of
inertia of a triangle with respect

to its base. * Integrating d/. fromy=0toy = A,

h A bh
I,=[y*dA= Iyzb hydy=zf(hy2—y3)4y
0
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Sample Problem 9.2

SOLUTION:

* An annular differential area element 1s chosen,
dJy=u’dd  dA=2rudu

Jo = IdJO = }u2(27rudu)= 2ﬂ}u3du
0 0

T 4
Jog=—r
° 2

a) Determine t.he cgntrmda.l polar + From symmetry, I, =1,

moment of inertia of a circular

. . . 72'

@ area by direct integration. Jo=I+1,= 21, 5r4 ~21,
@ b) Using the result of part a,

determine the moment of inertia P
: - I, 7 ="

of a circular area with respect to a diameter = “x = 4

diameter.
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Sample Problem 9.3

Y

A
=
Y

a) Determine the moment of inertia of the shaded area shown
with respect to the coordinate axes

b) Using the result of part a, determine the radius of gyration
of the shaded area with respect to each of the cordiante axes
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Sample Problem 9.3

b , 1
=—x", A=—ab
y YT 3
y 1 (b LY
/ dl. =—y’dx=—| —x" | dx
1/ — T3P j
i
T 4 a 3 3 _7\¢
_— - jz(gxz dx_l[béxj
- \ =! ‘-—z‘h‘ 03 a 3\a" 7 0
‘ : [ -9k
Y21
- d]—ZdA—Zd—Zizd
, =X'dA=x"ydx=x azx X 7 12
_ k?=-%=
. I/ =Tix4dx=£x—5 4 7
|§| y Oaz a2 5_0 , ]y 3a2
3b ky: —
] =42 A 5
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Parallel Axis Theorem

. * Consider moment of inertia / of an area A
ly / dA with respect to the axis 44’

¢ [=Iy2dA

» The axis BB’ passes through the area centroid
and 1s called a centroidal axis.

Izj.yszzj.(y'+d)2dA
= [y'?dA+2d[y'dA+d*[dA

I=1+Ad*>  parallel axis theorem
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) [V] [A]

Parallel Axis Theorem

Parallel-axis theorem

Changing the axis of rotation can have a huge effect on the moment of inertia. Consider the
case of trying to rotate a wheel about its axle (its centroidal axis) versus the much more
difficult task of trying to rotate the wheel about a bar (axis) several feet away from the wheel.
The parallel axis theorem is used to calculate the moment of inertia about a new axis if the
moment of inertia about the centroidal axis 1s known.

y I, = [x%dA = [(x' + dx)"dA

- j ()’ dA + 2dx j xdA + dx’ j dA
= Iy' + dx*-A

Parallel - axis theorem:
P : Ix - IX' + dyzA
| I, =1' + d*-A

0 y

Figure 10.03 J,=1" + d*-A, whered® = dx’ + dy’

0

Important note: The parallel axis theorem shows how to find the moment of inertia about
any other axis if the moment of inertia is known about the centroidal axis. So you must begin
by finding the moment of inertia about the centroidal axis (1. e., find I, ' first to find [, about
any other axis).

S Dr. M. Aghayi WhatsApp: +989394054409
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Parallel Axis Theorem

« Moment of inertia 7, of a circular area with

respect to a tangent to the circle,
s, ]T=I_+Ad2:%7zr4+(7rr2)rz
\<, |

S
1T

* Moment of inertia of a triangle with respect to a

D centroidal axis,

/\ [AA'ZI_BB'-I—Adz
h

_ 2 _ 1433 13217V
Igg =140 —Ad* =5 bk~ LbifL h)

|- |-I—il-ll— ||—I-
)

A _ 1233
—36bh
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Moments of Inertia of Composite Areas

« The moment of inertia of a composite area 4 about a given axis is
obtained by adding the moments of inertia of the component areas
A, A,, As, ..., with respect to the same axis.

y y' I = o bh3 Ul
e |
; = Iy ==b%h
Rectangle h - G‘ pe) I = 3 bl Semicircle c I S
jﬂ_ mr

1
| | ¥ Jr—‘|

Ji = 5 bh(b? + h2)

b
)
fa | |
1, I,=1,=—nrrt
Triangle h /E\ 'r"=1% bh’ Quarter circle oC 15" ;ﬁ
L/ \ l-% N 1r=%-'ﬂr'l = r;-| - Jo= 8"
< P
> 5' y
: /,/"\ a 1, = = rab®
; L=T = ixrd - b
Circle r 2\ L=1,= tnr Ellipse 1 L .

1
4
& Laally
; ; y = —Rd
B i i | Jomgar “_Y G|
: jﬂzzmﬂb[ﬂ + b2)
. -~
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Moments of Inertia of Composite Areas
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Moments of Inertia of Composite Areas

) [V] [A]

L
> Besla.ir

Axis X-X Axis Y-Y
Area | Depth Width L, k, e S
Designation mm? mm  mm 108 mm* mm 10°mm* mm  mm
W60 x 1131 14400 | 463 280 554 196.3 3.3 66.3
W Shapes W410 X 85 10800 | 417 181 316 170.7 17.94 406
(Wide-Flange W360 X 57 7230 | 358 172 160.2 149.4 1111 394
Shapes) W200 X 46.1 5800 | 203 203 458 88.1 1544 513
S460 % 814} 10390 | 457 152 335 179.6 866 290
S Shapes 5310 x 47.3 6032 305 127 90.7 122.7 390 254
(American Standard 5250 % 37.8 4806 | 254 118 51.6 103.4 283 242
Shapes) 8150 X 18.6 2362 152 84 9.2 62.2 0.758 1791
C310 % 30,81 3929 305 T 53.7 117.1 1613 2029 17.73
C 531&[!’-5 Cas0x 228 2847 254 65 25.1 gs.3 08949 1511 16.10
{American Standard Conn=17.1 2181 203 57 13.57 79.0 0,549 15858 1450
Channels) Cl50% 122 1548 152 45 545 59.4 ().258 1364 13.00

Dr. M. Aghayi
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Sample Problem 9.4

|

!-—Qin.—-i i

C 1o

6.77 in.
The strength of a W14x38 rolled steel

beam is increased by attaching a plate
to 1ts upper flange.

Determine the moment of inertia and
radius of gyration with respect to an
axis which 1s parallel to the plate and
passes through the centroid of the
section.

SOLUTION:

* Determine location of the centroid of
composite section with respect to a
coordinate system with origin at the
centroid of the beam section.

* Apply the parallel axis theorem to
determine moments of inertia of beam
section and plate with respect to
composite section centroidal axis.

 Calculate the radius of gyration from the
moment of inertia of the composite
section.
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Sample Problem 9.4

3in. SOLUTION:

9in. : : : . :
|-‘_ _.1 | » Determine location of the centroid of composite section

Dr. M. Aghayi WhatsApp: +989394054409

- S | with respect to a coordinate system with origin at the
centroid of the beam section.
C 4o
14.10 in. ) ;
Section A,1n y,in. | yA4,1n
Plate 6.75 7.425 | 50.12
r = Beam Section | 11.20 0 0
6.7T in. > A4=17.95 > 94 =750.12
Y
_ . 3
TS A=Y g4 7o 50‘12”12 =2.792n.
2.4 17.95in
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Sample Problem 9.4

%in. » Apply the parallel axis theorem to determine moments of
|-<— 9 i“*—'i l inertia of beam section and plate with respect to composite
= - section centroidal axis.

7 2 2
cd I peamsection = Ly + AY = =385+(11.20)(2.792)
14.10 in

= 4723 in*

Ly e = Iy + Ad> = LO)3) +(6.75)7.425 - 2.792)?

Z n 12V \4
~145.2in"
6.77 in.
@ Yy [y = ]x',beamsection + ]x',plate =472.3+145.2
bydedd ) T : 4
@ d I, =6181n
| —
E 5 1 x e+ C(Calculate the radius of gyration from the moment of inertia
= of the composite section.
Y
. 4
ax=lrm ko= [l _017.om ky =5.87in.
A 17.95in?
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Sample Problem 9.5

SOLUTION:

« Compute the moments of inertia of the
bounding rectangle and half-circle with
respect to the x axis.

-~ 240 mm—»—l
/

 The moment of inertia of the shaded area 1s
obtained by subtracting the moment of
inertia of the half-circle from the moment
of inertia of the rectangle.
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Sample Problem 9.5

SOLUTION:
« Compute the moments of inertia of the bounding
rectangle and half-circle with respect to the x axis.

Rectangle:
I, =1bh’ =1(240)120)=138.2x10°mm*

y Half-circle:

2 moment of inertia with respect to 44,
a =382 mm _1 4—l 4 6 4
- | e Lyg =g =47(90)" =25.76x10" mm
o l - . moment of inertia with respect to x’,

Iy =144 - Ad® =(25.76x10° J12.72x10° )
a=27 200 3¢5 mm

37 37 =7.20x10°mm*
b=120-a=81.8mm

A= %727/2 = %7[(90)2

moment of inertia with respect to x,
I, =1Iy+Ab* =7.20x10° +(12.72x10° |81.8)?
=12.72x10° mm? - 92.3%x10°mm*
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Sample Problem 9.5

» The moment of inertia of the shaded area is obtained by
subtracting the moment of inertia of the half-circle from
the moment of inertia of the rectangle.

I, = 138.2x10°mm* - 92.3x10%mm?*

I =45.9x10°mm*

Dr. M. Aghayi WhatsApp: +989394054409
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Demonstration: Moments of inertia

Demonstration: The instructor will pass around two blocks of wood with dowels
through them. Rotate the blocks using the dowels.

1) Which is easiest to rotate?

2) Where do you think that the dowel should be placed such that the block will be
easiest to rotate? Why?

-
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Example: (Also see Sample Problems 9.4 — 9.5)

Example: Find I, and I for a 3.5” x 7” rectangular block

a) about the centroidal axes, X’ and y’ (refer to the table of composites)
b) about the axes along the edge of the block, x1 and y1

c) about the axes that are 4 away from the edge of the block, x2 and y2
Discuss the relative magnitudes of the results.

y2

Dr. M. Aghayi WhatsApp: +989394054409
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Moments of Inertia using composites

Finding moments of inertia using composites:

Moments of inertia are additive. If an object can be broken down into N composite shapes
with known moments of inertia, then the total moment of inertia is the sum of the moments
of inertia for each part. Also note that I, and I, are negative for negative areas.

Example:
The object below can be broken up into three areas with common shapes as shown.

O\ — ”n
If

I,; and I;; _ the moments of inertia for area A,

I, and I, _ the moments of inertia for area A,
I,; and I,; _ the moments of inertia for area A;
then

L (total) =21 =1,+1,+1,

I(total) =21, =1, + 1, + 1,

<
>
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Moments of Inertia using composites

Finding moments of inertia using composites:

When moments of inertia are found using composites, two types of problems are typically
considered:

1) Finding I, and I, around fixed axes (or specified axes).

2) Finding I, and I, around the centroidal axes for the entire object (so the centroid must be
found first). X’
y
4

X’
> X
Example: Find I, and I, about the Example: Find I, and I, about the
fixed x and y axes shown. centroidal axes of the object.

Dr. M. Aghayi WhatsApp: +989394054409
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Finding moments of inertia using composites and fixed axes.

Example: Determine the moments of inertia about the fixed x and y axes shown.
y

A — R3.00"
44— 38.00" —P

A — RI1.00"

6.00' -+

Dr. M. Aghayi WhatsApp: +989394054409
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Finding moments of inertia using composites and centroidal axes.

y

A

<
<

\ 4

30

12,5 l—

Example: Determine the moments of inertia about the centroidal axes (i.e., about the

centroid of the entire object). All dimensions are in mm.

_—— R7

f

12.5
Y

c=

T
12.5
v

A

S5

Dr. M. Aghayi
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Product of Inertia

¥

* Product of Inertia:
(___r_j; Iy, :_[xydA
Y
t

g e

* When the x axis, the y axis, or both are an
axis of symmetry, the product of inertia is
Zero.
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Principal Axes and Principal Moments of Inertia

» The change of axes yields

I.+1, [,-1

[ = x2 Yy x2 ycosZH—Ixysin26’
I.+1, I.-1

_ y_x 7y -

[, = T, cos20 + 1, sin 20
-1, .

Ly = 5 sin 20 + 1, cos 260

Given I, = Iysz I, = J‘xsz * The equations for /. and /.. are the
parametric equations for a circle,

1 :jxydA
Y (Ix’_[ave)z‘i'l)%'y’ :R2

and product of inertia with [ Iy +1, R Iy —1, 72
E ) ) ave — - + Xy
respect to new axes x” and y’. 2 2

Note: x"=xcos@+ ysinf * The equations for /. and /.. lead to the

y' =ycos@—xsinf same circle.
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Principal Axes and Principal Moments of Inertia

* Atthepoints4 and B, [,,,=0 and /. 1s
a maximum and minimum, respectively.

1 max,min — 1 ave L R

21
tan26, =—
I, -1,

 The equation for @, defines two
angles, 90° apart which correspond to
the principal axes of the area about O.

« [ .. and [ . are the principal moments

of inertia of the area about O.
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Sample Problem 9.6

. SOLUTION:

« Determine the product of inertia using
direct integration with the parallel axis
theorem on vertical differential area strips

* Apply the parallel axis theorem to
evaluate the product of inertia with respect
to the centroidal axes.

Determine the product of inertia of
< the right triangle (a) with respect
(b) with respect to centroidal axes
parallel to the x and y axes.
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Sample Problem 9.6

SOLUTION:

y y'  Determine the product of inertia using direct integration
with the parallel axis theorem on vertical differential
area strips

X X
=h1-=| dA=vdx=hl1—-=1|d
Y ( bj ye ( bjx

— _ X
e sa=hved1-

Integrating d/ . from x =0 to x = b,

b 5 ¥ 2
]xy = jd]xy = J-xel.)_/eldA = IX(%)}Z (1 - Ej dx
0
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Sample Problem 9.6

* Apply the parallel axis theorem to evaluate the
product of inertia with respect to the centroidal axes.

- 1 —_1
x—gb y—3h

With the results from part q,

Iy, =1Ly +xy4

A )

7 _ 13242
Ly =—L 6%
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Sample Problem 9.7

> SOLUTION:
: | ’—ia e » Compute the product of inertia with
—— respect to the xy axes by dividing the
T o |
section into three rectangles and applying

the parallel axis theorem to each.

» Determine the orientation of the
principal axes (Eq. 9.25) and the
principal moments of inertia (Eq. 9. 27).

For the section shown, the moments of
inertia with respect to the x and y axes

principal axes of the section about O,
and (b) the values of the principal
moments of inertia about O.
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Sample Problem 9.7

y SOLUTION:
| [+—3in.— » Compute the product of inertia with respect to the xy axes
: ' by dividing the section into three rectangles.
T%m- Apply the parallel axis theorem to each rectangle,

I, =L +%p4)
Note that the product of inertia with respect to centroidal
axes parallel to the xy axes is zero for each rectangle.

Yy

@ 1--‘3-5 in, Rectangle | Area, in’ X,in. | y,in. )?yA,in4
— ' I 1.5 | -125| +1.75 ~3.28
: 1.75 in. 17 1.5 0 0 0
< o Hl y biis 15| +1.25| -1.75 ~328
@ 1.711 4 | o D> XxyA=-6.56

— . ks
1.25 n. I, =Y Xy4=-6.56in"
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Sample Problem 9.7

Y

i 8, = 127.7
.1\:_' --H""x\ a

1 \ ﬁ

‘1.. - 1"
N ﬁ \
NEL ) )
O] = .

7 x

8, =31.¢F

& 1. =10.38in"
I,=697in"
S 7 =—656in*
>

Dr. M. Aghayi

» Determine the orientation of the principal axes (Eq. 9.25)

and the principal moments of inertia (Eq. 9. 27).

Py A-656) _ s
I,—-1, 10.38-6.97

20, =75.4°and 255.4°

tan260,, = —

6, =37.7° and 6,, =127.7°

2
I +1 I, -1
2
Imax,min: : yi\/[ : y] +IX)’

2 >
2

:10.38;6.97 X \/(10.38;6.97) (656
I, =1, =1545in"

I, =1 =1897in*
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Mohr’s Circle for Moments and Products of Inertia

* The moments and product of inertia for an area

are plotted as shown and used to construct Mohr's
circle,

I, +1 I,.—1
2
]ClVe: X Y R:\/( x2 y]+1xy

2

Mohr’s circle may be used to graphically or
analytically determine the moments and product of
inertia for any other rectangular axes including the
principal axes and principal moments and products
of inertia.
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Sample Prob
y . SOLUTION:
- * Plot the points (/,, ) and (/,,-1,)).
y’ Construct Mohr’s circle based on the
\ circle diameter between the points.
6 = 60° ] :
L152% 102X 127 | * Based on the circle, determine the

10 * orientation of the principal axes and the
Wi principal moments of inertia.

» Based on the circle, evaluate the
moments and product of inertia with

7.24x106 mm*, I, = 2.61x106 mm*, and respect to the x 'y’ axes.

[, =-2.54x10° mm*,

Using Mohr’s circle, determine (a) the
principal axes about O, (b) the values of

the values of the moments and product
of inertia about the x” and y " axes
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Sample Problem 9.8

I, (108 mm*) SOLUTION:
Y(2.61, +2.54) * Plot the points (/,, /,)) and (/,,-,,). Construct Mohr’s
circle based on the circle diameter between the points.

OC =1y, = (I, +1,)=4.925x10°mm*

< ) | 6. 4
; il CD=1(1,~1,)=2.315x10°mm
S—_— R=-(CD)* +(DX)* =3.437x10% mm*

6.4
I, =7.24x10"mm « Based on the circle, determine the orientation of the

- I,=2.61x 10 mm*? principal axes and the principal moments of inertia.

I, =-2.54x10°mm" tan 26, = g—g =1.097 20,=476> |6, =23.8°

|§| b iy

o] \ l..=04A=1,,+R I =8.36x10°mm*
\ ﬂ P — 64

2 I, =OB=1I,,—R I =149x10°mm
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Sample Problem 9.8

y x « Based on the circle, evaluate the moments and product

< of inertia with respect to the x 'y’ axes.

The points X" and Y’ corresponding to the x " and y’ axes
0 =60° are obtained by rotating CX and CY counterclockwise

L152 X102 x 12.7 \ : through an angle @ = 2(60°) = 120°. The angle that CX’
forms with the x” axes i1s ¢ = 120°-47.6° = 72 .4°.

xy

[.=0OF =0C+CX'cosp=1,,, + Rcos72.4°

[ =5.96x10°mm*

3.437 x 106
mm4

!

1, =0G=0C~-CY'cosgp =1, — Rcos72.4°

0

I, —3.89%10°mm*

S Iy =FX'=CY'sing = Rsin72.4°

26, = 47.6°

M) V] (A [A] e}

Iy =3.28x10°mm*

oc=1,,=4925x10°mm*
R =3.437x10°mm*
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Moment of Inertia of a Mass

) [V] [A]
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Moment of Inertia of a Mass

» Angular acceleration about the axis 44’ of the
small mass Am due to the application of a
couple is proportional to 7*Am.

r’Am = moment of inertia of the
mass Am with respect to the
axis AA’

* For a body of mass m the resistance to rotation
about the axis AA4’is

Izrlem+r22Am+r32Am+---

2 . .
= Ir dm = mass moment of inertia

 The radius of gyration for a concentrated mass
with equivalent mass moment of inertia is

) V] [A] [A]
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Moment of Inertia of a Mass

y « Moment of inertia with respect to the y coordinate
axis 1s
[, = jrzdm = I(zz +x2)dm

« Similarly, for the moment of inertia with respect to
the x and z axes,

I, :I(y2+22)dm
I, =I(x2+y2)dm

* In SI units,
I = jrzdm = (kg-mz)

2]

In U.S. customary units,

[=(Slug-ﬁ2)=[lb'sz ﬁ2J=(Ib'ﬁ'52)

<
>

ft

Dr. M. Aghayi WhatsApp: +989394054409



Vector Mechanics for Engineers: Statics
Parallel Axis Theorem

 For the rectangular axes with origin at O and parallel
centroidal axes,

Ix:I(y2+22)y’m:I[y'+)72+(z'+22]dm
j(y2+z )dm+2yjydm+22jz'dm+(y +Zz )Idm

* Generalizing for any axis A4 and a parallel centroidal
axis,

I=1+md?
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Moments of Inertia of Thin Plates

A

 For a thin plate of uniform thickness # and homogeneous
material of density p, the mass moment of inertia with
respect to axis A4’ contained in the plate 1s

IAA' :Il’zdl’l/l = IOZLJ‘I"sz

= pt ]AA',area

« Similarly, for perpendicular axis BB’ which is also
contained in the plate,

Ipp = PtIpp area

» For the axis CC’ which 1s perpendicular to the plate,

lcc = pt JC,area = pt ([AA’,area + ]BB’,area)

=144 +1pp
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Moments of Inertia of Thin Plates

 For the principal centroidal axes on a rectangular plate,

_ _ 1 3p|_1, 72
Lgq =Pt 44 area = Pt 124 b)_ﬁma

_ _ 1 23| _1 2
Ipg = ptipg greq = PL\; ab )_Emb

. 1 2 2
ICC' - [AA',mass +[BB',mass - ﬁm(a +b )

» For centroidal axes on a circular plate,
_ _ _ 14 _1,.2
Lgq =1pg =PI g area = Pf(zﬂ'” )— Lmr

_ 1,2
loc =1y +1pp =5 mr
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Moments of Inertia of a 3D Body by Integration

Y
O
/

 Moment of inertia of a homogeneous body

1s obtained from double or triple
integrations of the form

I:p_[rde

For bodies with two planes of symmetry,
the moment of inertia may be obtained
from a single integration by choosing thin
slabs perpendicular to the planes of
symmetry for dm.

The moment of nertia with respect to a
particular axis for a composite body may
be obtained by adding the moments of
inertia with respect to the same axis of the
components.
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Moments of Inertia of Common Geometric Shapes

S A Sy )
Iy—fz—mm[.

I, = %m(ﬁi + )
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Sample Problem 9.9

Y
—
%
< L -

A
Determine the moments of inertia of a slender rod of
< length L and mass m with respect to an axis which is
> perpendicular to the rod and passes through one end
of the rod
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Sample Problem 9.9

4

’_::::::::E:::ﬁ—t
/: X »4 th ”
Z - L -
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Sample Problem 9.10

Y
L~
p T .
z c”

@ = a 3
< For the homogeneous rectangular prism shown,
> determine the moments of inertia with respect to the z
axis
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Sample Problem 9.10

dm = pbcdx

dl. = bdm
12

Dr. M. Aghayi

X

dl. =dI_ +x’dm= (ébz +x° ]pbcdx

ef 1
I, :I(Ebz +x2jpbcdx

0

1 1
= —b*+—a’ |pabc
(12 3 ),0

= m(ib2 +la2j = éM(4a2 +b2)
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Sample Problem 9.11

Y ~

~ y

- h r=!

Determine the moments of inertia of a right circular
cone with respect to (a) its longitudinal axis, (b) an
axis through the apex of the cone and perpendicular to
its longitudinal axis, (c¢) an axis through the centroid
of the cone and perpendicular to its longitudinal axis
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Sample Problem 9.11

2
! o e g dm = pmr’dx = pﬂ(% xj dx

— / | !
f‘:—«:r__‘_ : ]I ) ,I !I L :' - 1 1 a 2 a 2
TR dl =—rfdm= —(— xj pﬂ(— xj dx
. h
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Sample Problem 9.11

2
dm = pmr’dx = pﬂ(zx] dx

d]y = dly. +x°dm = lr2a’m +x°dm
4
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Sample Problem 9.11

- —2
I , = 1 o mx
/ y" 3
-— y = %h *—| .)_C - — h
_, d_.,-f"’_?f : \ 4
_.-"""-FF- --F----d- II'I IIII T 3~ 2
— \ [ n o — ] — mXx
/ M“‘\-\__q_x \ 1 Y Y
; -
h -

Dr. M. Aghayi
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Sample Problem 9.12

SOLUTION:

» With the forging divided into a prism and
two cylinders, compute the mass and
moments of inertia of each component
with respect to the xyz axes using the
parallel axis theorem.

* Add the moments of inertia from the
components to determine the total moments
of inertia for the forging.

Determine the moments of inertia
of the steel forging with respect to
the xyz coordinate axes, knowing

that the specific weight of steel 1s
490 1b/ft3.
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Sample Problem 9.12

SOLUTION: cylinders(a = lin., L = 3in.,¥ = 2.5in., y = 2in.):
» Compute the moments of inertia

of each component with respect I, =
to the xyz axes.

ma® + my

— 1(0.0829)( L) +(0.0829)( 2]
-2,

50%x10731b-ft -2

I, = ém[&zz + L2]+ rn)_c2

_ 5(0.0829)[3(%)2 + (132)1 +(0.0829)(25)

—4.17x107°1b - ft - s°

h cylind
N ;TZ m(:;Olb/ﬁ3X7z %12 x 3>n 1, = ém[Saz +L2]+ mpx + 372]

"7 g (1728in® 1832210 s?) =é(0.0829)[3(ﬁ)2+(12)2} +(0. 0829)[( )ﬂ(%)z}

—_— . 2
m=0.0829 1b-s>/ft — 6.48x10731b- fi . <2
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Sample Problem 9.12

prism :

7 {4901/ 2 x 2 x 6)in

m

g (1728in® /% J32.2ft/s?)
m=02111b-s>/ft

Dr. M. Aghayi

prism (a=21in.,b=61n.,c =2 1n.):

11~ o+ S0 (6F +(2F ]

—4.88x10°1b-ft - s>

1, =Lml? +a?]= L (021 1)[(%)2 ¥ (%)2}
=0.977x107 Ib- ft s>

* Add the moments of inertia from the
components to determine the total moments of

incrtia. 4 88x 107 +2(2.59x 107
I, =10.06x1031b- ft -52
1,=0.977x107> + 2(4.17 X 10‘3)

1,=9.32x10"1b-fts°

I, =4.88x107 +2(6.48x1073)
I, =17.84x1071b-ft - s>

WhatsApp: +989394054409



Vector Mechanics for Engineers: Statics
Sample Problem 9.13

A thin steel plate which is 4 mm thick is cut and bent to form the machine
part shown. Knowing that the density of steel is 7850 kg/m”, determine the
moments of inertia of the machine part with respect to the coordinate axes.

(2]

Dimensions in mm
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Sample Problem 9.13

|
A\ _r=0.08m
\(
—a

Z y
+ J/\
- S

\7/
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Sample Problem 9.13

We observe that the machine part consists of a semicircular plate and a
rectangular plate from which a circular plate has been removed.
Computation of Masses. Semicircular Plate
V, = 3pr’t = 3p(0.08 m)*(0.004m) = 40.21 X 10~® m?

m; = rv; = (7.85 X 10°> kg/m”)(40.21 X 107° m°) = 0.3156 kg

Rectangular Plate

V, = (0.200 m)(0.160 m)(0.004 m) = 128 X 10™° m’

my = r'Vy, = (7.85 X 10° kg/m”)(128 X 107° m’) = 1.005 kg
Circular Plate

Vs = pa’t = p(0.050 m)*(0.004 m) = 31.42 X 10™° m’
my = rVy = (7.85 X 10° kg/m®)(31.42 X 107° m®) = 0.2466 kg
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Sample Problem 9.13

Moments of Inertia. Using the method presented in Sec. 9.13, we com-
gu P
pute the moments of inertia of each component.

Semicircular Plate. From Fig. 9.28, we observe that for a circular plate
of mass m and radius r

I, = ;mr” by =il = ymr
Because of symmetry, we note that for a semicircular plate
Yl 1,19
L=:(mr) I, =1 = zGamr")

; . . |
Since the mass of the semicircular plate is m; = 3m, we have
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Sample Problem 9.13

Rectangular Plate

I. = smoc” = 75(1.005 kg)(0.16 m)® = 2.144 X lﬂ_akg © m

I. = 3mob® = 5(1.005kg)(0.2m)* = 13.400 X 10™° kg - m*

I, =1 + I = (2.144 + 13.400)(107°) = 15.544 X 107" kg - m

Circular Plate

I, = tmsa” = 7(0.2466 kg)(0.05m)* = 0.154 X 10"* kg - m”
I, = smsa® + msd”

= $(0.2466 kg)(0.05 m)? + (0.2466 kg)(0.1 m)2=2774 X 10~° kg m”>

I, = tmaa® + msd® = 5(952466 kg)(0.05 m)* + (0.2466 kg)(0.1 m)>
= 92620 X 10~° kg - m”

Entire Machine Part

I. = (1.010 + 2.144 — 0.154)(10™ ) g - I[.=3.00 X 10 ]\{T- m
I, = (0.505 + 15.544 — 2.774)(10™ )kg m” 1[’”r 13.28 X 1[}_’ l\-:r © m
L = (0.505 + 13.400 — 2 690)(10_3) kg I.=1129 X 10— l\ff ©m

Dr. M. Aghayi WhatsApp: +989394054409

2 b9 ]



Vector Mechanics for Engineers: Statics

<
>

Moment of Inertia With Respect to an Arbitrary Axis

[, = moment of inertia with respect to axis OL

lop = Ipzdm = Hﬂfx?‘zdm

o Expressing A and 7 in terms of the vector
components and expanding yields

: Lop = 1A +1,20+ 1,2

20 A Ay~ 2 Ay A~ 21 A

» The definition of the mass products of inertia of a
mass is an extension of the definition of product of
inertia of an area

I, =[xydm=1I,, +mxy
I, =[yzdm=1,, +myz
I, =|zxdm=1,,+mzx
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Ellipsoid of Inertia. Principal Axes of Inertia of a Mass

Y

« Assume the moment of inertia of a body has been
computed for a large number of axes OL and that point
Q is plotted on each axis at a distance OQ = 1/ NV

* The locus of points Q forms a surface known as the
ellipsoid of inertia which defines the moment of inertia
of the body for any axis through O.

e x’,y’,z’axes may be chosen which are the principal
. axes of inertia for which the products of inertia are
zero and the moments of inertia are the principal
moments of inertia.

) V] [A] [A]
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Sample Problem 9.14

Consider a rectangular prism of mass m and sides a, b, ¢. Determine (a) the
moments and products of inertia of the prism with respect to the coordinate
axes shown, (b) its moment of inertia with respect to the diagonal OB.
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Sample Problem 9.14

y
r
D | ¢
- L
I |
A e 5, |
| s H *X'
O -
Al E ™7
F 2 2
o » F
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Sample Problem 9.14

a. Moments and Products of Inertia with Respect to the Coordinate
Axes. Moments of Inertia. Introducing the centroidal axes x', ¢, 2/,
with respect to which the moments of inertia are given in Fig. 9.28, we

apply the parallel-axis theorem:

I, = I, + m(y* + 2°) = m(b® + ) + m(3b* + i°)
I, = im* + &)
9

Similarly, I, = Ln(c® + a®) L = im(a® + b

Products of Inertia. Because of symmetry, the products of inertia with
respect to the centroidal axes x', ¢, 2’ are zero, and these axes are principal
axes of inertia. Using the parallel-axis theorem, we have

I, =L, + mxy =0+ m(3a)(h) Iy = smab

h
e}

3 = o l i . 1_ -
Similarly, I, = ymbc L. = jmca
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Sample Problem 9.14

e
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Sample Problem 9.14
b. Moment of Inertia with Respect to OB. We recall Eq. (9.46):

Iog = LI2+ L1% + LI2 = 21 0, — 2L |, — 2Ll |,
where the direction cosines of OB are
I,:Zcosul,:%: = H T
| ' OB (& + b+ A"
|, = 2 . = -
Y (@ + b+ )P T @+ B+ )R

Substituting the values obtained for the moments and products of inertia
and for the direction cosines into the equation for I, we have

1

— = [zm* + c*)a® + 3m(c® + a*)b” + imla” + b)c

a’ + b* + ¢

IUB

1292 1 722 122
—sma’h” —smbc — smca

o SOy g O a0
- mab” + b’c® + c“a”
OB = .
6

2

9 9
gt B o
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Sample Problem 9.14

|
E I~¢ Lt
O

7
iz
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Sample Problem 9.14

Alternative Solution. The moment of inertia I3 can be obtained directly
from the principal moments of inertia I, I/, L., since the line OB passes
through the centroid O'. Since the «', ¢, 2" axes are principal axes of inertia,
we use Eq. (9.50) to write

I(JB = ftflf + nyli + f;flf
1 m 1 S m . . St
2+ b+ cﬂ{m( el Tptel ad gl )e

Sy O 9 O s T
mahb® + bc+ ca

Ifl'H e o 0 9
| 6 & +b°+c
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Sample Problem 9.15

If a = 3¢ and b = 2¢ for the rectangular prism of Sample Prob. 9.14,
determine (a) the principal moments of inertia at the origin O, (b) the
principal axes of inertia at O.
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Sample Problem 9.15

a. Principal Moments of Inertia at the Origin O. Substituting @ = 3¢
and b = 2¢ into the solution to Sample Prob. 9.14, we have

_5 _ 10 2 _ 13 2
L. = smc I, = gnu" I. = 3mc

2 3 2
I,. = gmc I.. = mc

Substituting the values of the moments and products of inertia into Eq.
(9.56) and collecting terms yields

K> — BmAK> + Gpm’cHK — m’c® = 0

We then solve for the roots of this equation; from the discussion in Sec. 9.18,
it follows that these roots are the principal moments of inertia of the body
at the origin.

K, = 0.568867Tmc* K, = 4.20885mc”>  K; = 4.55562mc”
K, = 0.569mc” K, = 421mc” K; = 4.56mc”
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Sample Problem 9.15

b. Principal Axes of Inertia at O. To determine the direction of a prin-
cipal axis of inertia, we first substitute the corresponding value of K into
two of the equations (9.54); the resulting equations together with Eq. (9.57)
constitute a system of three equations from which the direction cosines of
the corresponding principal axis can be determined. Thus, we have for the
first principal moment of inertia K;:

G — 0.568867)mc(1 ), — smc’(l,), — 3mc*(1.), = 0
—sme(l ), + (5 — 0.568867) mc™(l Wi — me™(1.); =0
I+ A+ (1)i=1

o

(

Solving yields
(1); = 0836600  (I,); = 0496001 (1), = 0.232557
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Sample Problem 9.15

The angles that the first principal axis of inertia forms with the coordinate
axes are then

(u); = 332° (u); = 60.3°  (u); = 76.6°
i

Using the same set of equations successively with K; and K;, we find that
the angles associated with the second and third principal moments of inertia
at the origin are, respectively,

(W), = 57.8°  (U), = 146.6° (1), = 98.0°
and
), = 76.1°  (U); = 164.3°
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Vector Mechanics for Engineers: Statics

Introduction

Principle of virtual work - if a particle, rigid body, or system of
rigid bodies which is in equilibrium under various forces is given
an arbitrary virtual displacement, the net work done by the external
forces during that displacement 1s zero.

The principle of virtual work is particularly useful when applied
to the solution of problems involving the equilibrium of

machines or mechanisms consisting of several connected
members.

If a particle, rigid body, or system of rigid bodies is in equilibrium,
then the derivative of its potential energy with respect to a variable
defining its position 1s zero.

The stability of an equilibrium position can be determined from the
second derivative of the potential energy with respect to the position
variable.
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Work of a Force

dU =F-dF = work of the force F corresponding to
the displacement d7

- dU =Fdscosa

a=0,dU =+Fds a=r,dU=-Fds a:%,dU:O

ds cos «
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Work of a Force

_F
CM

Dr. M. Aghayi

Forces which do no work:

* reaction at a frictionless pin due to rotation of a body
around the pin

* reaction at a frictionless surface due to motion of a
body along the surface

» weight of a body with cg moving horizontally

« friction force on a wheel moving without slipping

Sum of work done by several forces may be zero:
* bodies connected by a frictionless pin

* bodies connected by an inextensible cord

« 1internal forces holding together parts of a rigid body
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Work of a Couple

Small displacement of a rigid body:
e translationto 4’B’

* rotation of B’ about 4’ to B”

W =—F-di + F -(di +dry)
=F-di,=Fdsy=Frd0
=Mdb
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Vector Mechanics for Engineers: Statics

Principle of Virtual Work

o Imagine the small virtual displacement of particle which
F, 1s acted upon by several forces.

* The corresponding virtual work,
SU=F -5 +Fy -6 +F;-& =(Fi+Fy + F)- &
=R-F

Principle of Virtual Work:

« [If a particle 1s in equilibrium, the total virtual work of forces
acting on the particle 1s zero for any virtual displacement.

 If arigid body is in equilibrium, the total virtual work
of external forces acting on the body 1s zero for any
virtual displacement of the body.

 If a system of connected rigid bodies remains connected
during the virtual displacement, only the work of the
external forces need be considered.

) [V] [A]
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Applications of the Principle of Virtual Work

 Wish to determine the force of the vice on the

block for a given force P.

» Consider the work done by the external forces

for a virtual displacement 66. Only the forces P
and Q produce nonzero work.

5U=0=5UQ+5(]P=—Q5XB—P@/C

xg =2lsinf ye =1lcost
oxg =2lcos0 o0 oye =—Isin@ 60

0=-20I/cosB 66 + Pl sin 6 00
Q:%Ptané?

« If the virtual displacement is consistent with the

constraints imposed by supports and connections,
only the work of loads, applied forces, and
friction forces need be considered.
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Machines. Mechanical Efficiency

1 = mechanical efficiency

__output work of actual machine

output work of ideal machine

__output work

input work
_ 20l cosBo0
e For an ideal machine without friction, the Pl sin 6660
output work 1s equal to the input work. =1—ucotd

* When the effect of friction 1s
considered, the output work 1s reduced.

&]:_deB_P@/C_FaxB =0
0 =—-20I cos 66 + Pl sin 8660 — 1Pl cos 866
Qz%P(tanH—,u)
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Sample Problem 10.1

Determine the magnitude of the couple M required to
maintain the equilibrium of the mechanism.

SOLUTION:

» Apply the principle of virtual work

5U=O:5UM +5UP
0= M50 + Péxy,

xp =3lcosd
oxp =—3[sin 0660

0 = M50 + P(—3Isin0509)

M =3PIlsin@
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Sample Problem 10.2

Determine the expressions for € and for the tension in the
spring which correspond to the equilibrium position of the
spring. The unstretched length of the spring is /# and the
constant of the spring is k. Neglect the weight of the
mechanism.

SOLUTION:
* Apply the principle of virtual work

&]:&]B—I_&]F:O

0=Poyp—Foyc
yp =Isind Yc =2lsinf F =ks
oyp =1cos@00 Oy = 2lcosB50 =k(yc—h)
= k(2/sin@ — h)

0 = P(Icos 850)— k(2/sin@ — h )2l cos 656
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Sample Problem 10.3

SOLUTION:

——
N e (Create a free_body diagram for the platform

and linkage.

L
ro|
bo| =

i@ A hydraulic lift table consisting of two
identical linkages and hydraulic cylinders < Apply the principle of virtual work for a

is used to raise a 1000-kg crate. Members virtual displacement 68 recognizing that only
5| EDB and CG are each of length 24 and the weight and hydraulic cylinder do work.
member AD is pinned to the midpoint of AL
EDB. U =0=00y + 0,
Determine the force exerted by each » Based on the geometry, substitute expressions
cylinder in raising the crate for 8= 60°, g for the virtual displacements and solve for the
=0.70 m, and L = 3.20 m. force in the hydraulic cylinder.
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Vector Mechanics for Engineers: Statics
Sample Problem 10.3

SOLUTION:
* Create a free-body diagram for the platform.

* Apply the principle of virtual work for a virtual
displacement 66

oU =0=380y +0F, .
0:—%W§)/+FDH§S

» Based on the geometry, substitute expressions for the
virtual displacements and solve for the force in the
hydraulic cylinder.

y=2asind s? =a’ +I? —2alcos@
0y = 2acos 000 2585 = —2aL(-sin )56
S — alsin@ S0

s
al sin@

0= (LW pacos6s6 + Fpy 50

S
FDH:WZCOtH Fpp =5.15kN
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Work of a Force During a Finite Displacement

» Work of a force corresponding to an
infinitesimal displacement,
dU =F -dr

= Fdscosa

» Work of a force corresponding to a finite
displacement,

AY)

Ui = I(Fcosa)ds

F cos & 5|
« Similarly, for the work of a couple,
dU = Md@o
0 s Uiy =M (6, - 6,)
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Work of a Force During a Finite Displacement

F F=kx,

fﬁpﬂ'ug undetormed /
sy e P, 7 ——
W € w‘\A 2 B MMM "'L!J Fa

\..---_-. "
1| Ay

[
B IMAAAE

i—.r1—-|'q' 1 M—
| —

I
I
I A
s’

B }m*{-h*ymmnmﬁ _|

| e
f Xa __!:4"‘!.2 Xj T X

Work of a spring,

dU = —Fdx = —(kx)dx Uiy =3 (F + F )Ax
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Potential Energy

., * Workof a weight
T Ui =Wy =Wy,

W

The work 1s independent of path and depends only on

Wy =V, = — potential energy of the body with
respect to the force of gravity W

Ui = (Vg )1 - (Vg )2

@ / Spring unc letormed .
.3 i - » Work of a spring,

i Upp =4 kxl —lkxz
<. ERPPVIN

penepecn ), ),
= i F<—ifil V, = potential energy of the body with

| I . L

L] respect to the elastic force F

|m+ ﬂfmwﬁﬁ«.g

I Ag
i Lo |
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Potential Energy

* When the differential work is a force is given by an
exact differential,

dU =—-dV
Uiy = -1

= negative of changein potential energy

» Forces for which the work can be calculated from a change
in potential energy are conservative forces.
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Potential Energy and Equilibrium
C /\ * When the potential energy of a system is known,

the principle of virtual work becomes

V A& \\ 7
£V )I:?;f:ﬂ'«'ﬂﬁ;ﬁfﬂv"'ﬁ"\‘:"\v&ﬁﬁ“& 0= E
D A -

* For the structure shown,
V=V, +Vy =iy +Wc

& o
f ﬁ,?]: = %k(2l sin@)” +W(lcosb)
< i 7%/ W \%ﬁ At the position of equilibrium,
= Lwihh P Nys av _ 0 =/sin O(4klcos@ - W)
T A do

A, i g 1t

indicating two positions of equilibrium.
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I
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|

(a) Stable equilibrium

4’V

d6?

Dr. M. Aghayi

e

N

e
(b) Unstable equilibrium

2
d—Z>O
do
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Sample Problem 10.4

%9\/ SOLUTION:

10 kg » Derive an expression for the total potential
energy of the system.

V=V,+V,

* Determine the positions of equilibrium by
setting the derivative of the potential
energy to zero.

Th=s1v ar_y

Al e do
« Evaluate the stability of the equilibrium
@ Knowing that the spring BC is unstretched positions b_y de.termmlng the sigh of the
@ when @= 0, determine the position or second derivative of the potential energy.

positions of equilibrium and state whether d2v ?
the equilibrium is stable, unstable, or 10> ><0

neutral.
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Sample Problem 10.4

Undeformed
pusition

1

k =4 kN/m

SOLUTION:
» Derive an expression for the total potential energy of the
system.

V=V,+V,
= %ksz + mgy
_ 1 2
= Ek(aé?) +mg(bcosh)

* Determine the positions of equilibrium by setting the
derivative of the potential energy to zero.

4V _ 0= ka0 - mgbsin

do

ka* ,  (4kN/m)0.08m)’
mgh~ (10kg)9.81m/s? [0.3m)
—0.86990

0

sin@ =

0=0 0 =0.902rad =51.7°
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Sample Problem 10.4

k =4 kN/m

<
>

Undeformed

Dr. M. Aghayi

 Evaluate the stability of the equilibrium positions by
determining the sign of the second derivative of the
potential energy.

_1 2
V= Ek(aﬁ) +mg(bcosh)

d—V:O:kczzﬁ—mgbsiné’ 0=0
€ =0.902rad =51.7°
2
d_l; = ka® - mgbcos
do
= (4kN/m)(0.08m)* —(1 Okg)(9.81m/ sz)(osm)cose
=25.6-29.43cos8
2
at 8= 0: d_l; =-3.83<0 unstable
do
2
at 8= 51.7°: % =+7.36>0 stable
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