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What is Mechanics?

• Mechanics is the science which describes and predicts 

the conditions of rest or motion of bodies under the 

action of forces.

1 - 3

• Categories of Mechanics:

- Rigid bodies

- Statics

- Dynamics

- Deformable bodies

- Fluids

• Mechanics is an applied science - it is not an abstract 

or pure science but does not have the empiricism 

found in other engineering sciences.  

• Mechanics is the foundation of most engineering sciences 

and is an indispensable prerequisite to their study.
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Fundamental Concepts

• Space - associated with the notion of the position of a point P given in 

terms of three coordinates measured from a reference point or origin.

1 - 4

• Time - definition of an event requires specification of the time and 

position at which it occurred.

• Mass - used to characterize and compare bodies, e.g., response to 

earth’s gravitational attraction and resistance to changes in translational 

motion.

• Force - represents the action of one body on another.  A force is 

characterized by its point of application, magnitude, and direction, i.e., 

a force is a vector quantity.

In Newtonian Mechanics, space, time, and mass are absolute concepts, 

independent of each other.  Force, however, is not independent of the 

other three.  The force acting on a body is related to the mass of the body 

and the variation of its velocity with time.
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Fundamental Principles

1 - 5

• Parallelogram Law

• Principle of Transmissibility

• Newton’s First Law:  If the resultant force on a 

particle is zero, the particle will remain at rest 

or continue to move in a straight line.

• Newton’s Third Law:  The forces of action and 

reaction between two particles have the same  

magnitude and line of action with opposite 

sense.

• Newton’s Second Law:  A particle will have 

an acceleration proportional to a nonzero 

resultant applied force.

amF


=

• Newton’s Law of Gravitation:  Two particles 

are attracted with equal and opposite forces,
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Systems of Units

1 - 6

• Kinetic Units:  length, time, mass, 

and force.

• Three of the kinetic units, referred to 

as basic units, may be defined 

arbitrarily.  The fourth unit, referred 

to as a derived unit, must have a 

definition compatible with Newton’s 

2nd Law,

amF


=

• International System of Units (SI):

The basic units are length, time, and 

mass which are arbitrarily defined as the 

meter (m), second (s), and kilogram 

(kg).  Force is the derived unit,

( ) 







=

=

2s

m
1kg1N1

maF

• U.S. Customary Units:

The basic units are length, time, and 

force which are arbitrarily defined as the 

foot (ft), second (s),  and pound (lb).  

Mass is the derived unit,

2sft1

lb1
slug1 =

=
a

F
m



Dr. M. Aghayi                                        WhatsApp: +989394054409

Vector Mechanics for Engineers: Statics

Method of Problem Solution

1 - 7

• Problem Statement:  

Includes given data, specification of 

what is to be determined, and a figure 

showing all quantities involved.

• Free-Body Diagrams:

Create separate diagrams for each of 

the bodies involved with a clear 

indication of all forces acting on 

each body.

• Fundamental Principles:

The six fundamental principles are 

applied to express the conditions of 

rest or motion of each body.  The 

rules of algebra are applied to solve 

the equations for the unknown 

quantities.

• Solution Check:

 - Test for errors in reasoning by 

verifying that the units of the 

computed results are correct,

- test for errors in computation by 

substituting given data and computed 

results into previously unused 

equations based on the six principles,

- always apply experience and physical 

intuition to assess whether results seem 

“reasonable”
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Numerical Accuracy

1 - 8

• The accuracy of a solution depends on 1) accuracy of the given 

data, and 2) accuracy of the computations performed.  The solution 

cannot be more accurate than the less accurate of these two.

• As a general rule for engineering problems, the data are seldom 

known with an accuracy greater than 0.2%.  Therefore, it is usually 

appropriate to record parameters beginning with “1” with four digits 

and with three digits in all other cases, i.e.,  40.2 lb and 15.58 lb.

• The use of hand calculators and computers generally makes the 

accuracy of the computations much greater than the accuracy of the 

data.  Hence, the solution accuracy is usually limited by the data 

accuracy.
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Introduction

2 - 3

• The objective for the current chapter is to investigate the effects of forces 

on particles:

- replacing multiple forces acting on a particle with a single 

equivalent or resultant force,

- relations between forces acting on a particle that is in a 

state of equilibrium.

• The focus on particles does not imply a restriction to miniscule bodies.  

Rather, the study is restricted to analyses in which the size and shape of 

the bodies is not significant so that all forces may be assumed to be 

applied at a single point.
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Resultant of Two Forces

2 - 4

• force: action of one body on another; 

characterized by its point of application, 

magnitude, line of action, and sense.

• Experimental evidence shows that the 

combined effect of two forces may be 

represented by a single resultant force.

• The resultant is equivalent to the diagonal of 

a parallelogram which contains the two 

forces in adjacent legs.

• Force is a vector quantity.
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Vectors

2 - 5

• Vector:  parameters possessing magnitude and direction 

which add according to the parallelogram law.  Examples:  

displacements, velocities, accelerations.

• Vector classifications:

- Fixed or bound vectors have well defined points of 

application that cannot be changed without affecting 

an  analysis.

- Free vectors may be freely moved in space without 

changing their effect on an analysis.

- Sliding vectors may be applied anywhere along their 

line of action without affecting an analysis.

• Equal vectors  have the same magnitude and direction.

• Negative vector of a given vector has the same magnitude 

and the opposite direction.

• Scalar:  parameters possessing magnitude but not 

direction.  Examples:  mass, volume, temperature



Dr. M. Aghayi                                        WhatsApp: +989394054409

Vector Mechanics for Engineers: Statics

Addition of Vectors

2 - 6

• Trapezoid rule for vector addition

• Triangle rule for vector addition

B

B

C

C

QPR

BPQQPR


+=

−+= cos2222

• Law of cosines,

• Law of sines,

P

C

R

B

Q

A sinsinsin
==

• Vector addition is commutative,

PQQP


+=+

• Vector subtraction
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Addition of Vectors

2 - 7

• Addition of three or more vectors through 

repeated application of the triangle rule

• The polygon rule for the addition of three or 

more vectors.

• Vector addition is associative,

( ) ( )SQPSQPSQP


++=++=++

• Multiplication of a vector by a scalar
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Resultant of Several Concurrent Forces

2 - 8

• Concurrent forces:  set of forces which all 

pass through the same point. 

A set of concurrent forces applied to a 

particle may be replaced by a single 

resultant force which is the vector sum of the 

applied forces.

• Vector force components:  two or more force 

vectors which, together, have the same effect 

as a single force vector.
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Sample Problem 2.1

2 - 9

The two forces act on a bolt at 

A.  Determine their resultant.

SOLUTION:

• Graphical solution - construct a 

parallelogram with sides in the same 

direction as P and Q and lengths in 

proportion.  Graphically evaluate the 

resultant which is equivalent in direction 

and proportional in magnitude to the the 

diagonal.

• Trigonometric solution - use the triangle 

rule for vector addition in conjunction 

with the law of cosines and law of sines 

to find the resultant.
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Sample Problem 2.1

2 - 10

• Graphical solution - A parallelogram with sides 

equal to P and Q is drawn to scale.  The 

magnitude and direction of the resultant or of 

the diagonal to the parallelogram are measured,

== 35N 98 R

• Graphical solution - A triangle is drawn with P 

and Q head-to-tail and to scale.  The magnitude 

and direction of the resultant or of the third side 

of the triangle are measured,

== 35N 98 R



Dr. M. Aghayi                                        WhatsApp: +989394054409

Vector Mechanics for Engineers: Statics

Sample Problem 2.1

2 - 11

• Trigonometric solution - Apply the triangle rule.

From the Law of Cosines,

( ) ( ) ( )( ) −+=

−+=

155cosN60N402N60N40

cos2
22

222 BPQQPR

A

A

R

Q
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R
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Q

A

+=

=

=

=

=

20

04.15
N73.97

N60
155sin

sinsin

sinsin



N73.97=R

From the Law of Sines,

= 04.35
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Sample Problem 2.2

2 - 12

a) the tension in each of the ropes 

for  = 45o, 

b) the value of  for which the 

tension in rope 2 is a minimum.

A barge is pulled by two tugboats.  

If the resultant of the forces 

exerted by the tugboats is 5000 N  

directed along the axis of the 

barge, determine

SOLUTION:

• Find a graphical solution by applying the 

Parallelogram Rule for vector addition.  The 

parallelogram has sides in the directions of 

the two ropes and a diagonal in the direction 

of the barge axis and length proportional to 

5000 N.

• The angle for minimum tension in rope 2 is 

determined by applying the Triangle Rule 

and observing the effect of variations in .

• Find a trigonometric solution by applying 

the Triangle Rule for vector addition.  With 

the magnitude and direction of the resultant 

known and the directions of the other two 

sides parallel to the ropes given, apply the 

Law of Sines to find the rope tensions.
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Sample Problem 2.2

2 - 13

• Graphical solution - Parallelogram Rule 

with known resultant direction and 

magnitude, known directions for sides.

N2600N3700 21 == TT

• Trigonometric solution -  Triangle Rule 

with Law of Sines


=


=

 105sin

N5000

30sin45sin
21 TT

N2590N3660 21 == TT
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Sample Problem 2.2

2 - 14

• The angle for minimum tension in rope 2 is 

determined by applying the Triangle Rule 

and observing the effect of variations in .

• The minimum tension in rope 2 occurs when 

T1 and T2 are perpendicular.

( ) = 30sinN50002T N25002 =T

( ) = 30cosN50001T N43301 =T

−= 3090 = 60
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Rectangular Components of a Force: Unit Vectors

2 - 15

• Vector components may be expressed as products of 

the unit vectors with the scalar magnitudes of the 

vector components.

Fx and Fy are referred to as the scalar components of   

jFiFF yx


+=

F


• May resolve a force vector into perpendicular 

components so that the resulting parallelogram is a 

rectangle.                     are referred to as rectangular 

vector components and

yx FFF


+=

yx FF


 and 

• Define perpendicular unit vectors                which are 

parallel to the x and y axes.
ji


 and 
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Addition of Forces by Summing Components

2 - 16

SQPR


++=

• Wish to find the resultant of 3 or more 

concurrent forces,

( ) ( ) jSQPiSQP

jSiSjQiQjPiPjRiR

yyyxxx

yxyxyxyx 



+++++=

+++++=+

• Resolve each force into rectangular components

=

++=

x

xxxx

F

SQPR

• The scalar components of the resultant are 

equal to the sum of the corresponding scalar 

components of the given forces.

=

++=

y

yyyy

F

SQPR

x

y
yx

R

R
RRR 122 tan−=+= 

• To find the resultant magnitude and direction,
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Sample Problem 2.3

2 - 17

Four forces act on bolt A as shown.  

Determine the resultant of the force 

on the bolt.

SOLUTION:

• Resolve each force into rectangular 

components.

• Calculate the magnitude and direction 

of the resultant.

• Determine the components of the 

resultant by adding the corresponding 

force components.
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Sample Problem 2.3

2 - 18

SOLUTION:

• Resolve each force into rectangular components.

9.256.96100

0.1100110

2.754.2780

0.759.129150

4

3

2

1

−+

−

+−

++

−−

F

F

F

F

compycompxmagforce









22 3.141.199 +=R N6.199=R

• Calculate the magnitude and direction.

N1.199

N3.14
tan = = 1.4

• Determine the components of the resultant by 

adding the corresponding force components.

1.199+=xR 3.14+=yR
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Equilibrium of a Particle

2 - 19

• When the resultant of all forces acting on a particle is zero, the particle is 

in equilibrium.

• Particle acted upon by 

two forces:

- equal magnitude

- same line of action

- opposite sense

• Particle acted upon by three or more forces:

- graphical solution yields a closed polygon

- algebraic solution

00

0

==

==





yx FF

FR


• Newton’s First Law:  If the resultant force on a particle is zero, the particle will 

remain at rest or will continue at constant speed in a straight line.
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Free-Body Diagrams

2 - 20

Space Diagram:  A sketch showing 

the physical conditions of the 

problem.

Free-Body Diagram:  A sketch showing 

only the forces on the selected particle.
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Sample Problem 2.4

2 - 21

In a ship-unloading operation, a 

3500-N automobile is supported by 

a cable.  A rope is tied to the cable 

and pulled to center the automobile 

over its intended position.  What is 

the tension in the rope?

SOLUTION:

• Construct a free-body diagram for the 

particle at the junction of the rope and 

cable.

• Apply the conditions for equilibrium by 

creating a closed polygon from the 

forces applied to the particle. 

• Apply trigonometric relations to 

determine the unknown force 

magnitudes.
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Sample Problem 2.4

2 - 22

SOLUTION:

• Construct a free-body diagram for the 

particle at A.

• Apply the conditions for equilibrium.

• Solve for the unknown force magnitudes.


=


=

 58sin

N3500

2sin120sin

ACAB TT

N3570=ABT

N144=ACT



Dr. M. Aghayi                                        WhatsApp: +989394054409

Vector Mechanics for Engineers: Statics

Sample Problem 2.5

2 - 23
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Sample Problem 2.5

2 - 24



Dr. M. Aghayi                                        WhatsApp: +989394054409

Vector Mechanics for Engineers: Statics

Sample Problem 2.5

2 - 25
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Sample Problem 2.6

2 - 26

It is desired to determine the drag force 

at a given speed on a prototype sailboat 

hull.  A model is placed in a test 

channel and three cables are used to 

align its bow on the channel centerline.  

For a given speed, the tension is 40 N 

in cable AB and 60 N in cable AE.  

Determine the drag force exerted on the 

hull and the tension in cable AC.

SOLUTION:

• Choosing the hull as the free body, 

draw a free-body diagram. 

• Express the condition for equilibrium 

for the hull by writing that the sum of 

all forces must be zero.

• Resolve the vector equilibrium 

equation into two component 

equations.  Solve for the two unknown 

cable tensions.
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Sample Problem 2.6

2 - 27

SOLUTION:

• Choosing the hull as the free body, draw a 

free-body diagram. 

=

==

25.60

75.1
m 4

m 7
tan





=

==

56.20

375.0
m 4

m 1.5
tan





• Express the condition for equilibrium 

for the hull by writing that the sum of 

all forces must be zero.

0=+++= DAEACAB FTTTR

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Sample Problem 2.6

2 - 28

• Resolve the vector equilibrium equation into 

two component equations.  Solve for the two 

unknown cable tensions.

( ) ( )

( ) ( )

( )

( )

( ) jT

iFT

R

iFF

jT

jTiT

jTiTT

ji

jiT

AC

DAC

DD

ACAC

ACACAC

AB



















609363.084.19

3512.073.34

0

N06

9363.03512.0

56.20cos56.20sin

N84.19N73.34

26.60cosN4026.60sinN40

−++

++−=

=

=

−=

+=

+=

+−=

+−=
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Sample Problem 2.6

2 - 29

( )

( ) jT

iFT

R

AC

DAC






609363.084.19

3512.073.34

0

−++

++−=

=

This equation is satisfied only if each component 

of the resultant is equal to zero.

( )

( ) 609363.084.1900

3512.073.3400

−+==

++−==





ACy

DACx

TF

FTF

N 66.19

N 9.42

+=

+=

D

AC

F

T
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Rectangular Components in Space

2 - 30

• The vector      is 

contained in the 

plane OBAC.

F


• Resolve       into 

horizontal and vertical 

components.

yh FF sin=

F


yy FF cos=

• Resolve       into 

rectangular components.
hF









sinsin

sin

cossin

cos

y

hy

y

hx

F

FF

F

FF

=

=

=

=
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Rectangular Components in Space

2 - 31

• With the angles between     and the axes,F


( )

kji

F

kjiF

kFjFiFF

FFFFFF

zyx

zyx

zyx

zzyyxx

















coscoscos

coscoscos

coscoscos

++=

=

++=

++=

===

•  is a unit vector along the line of action of

and   are the direction 

cosines for

F


F





zyx  cos and,cos,cos
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Rectangular Components in Space

1  cos  cos  cos 222 =++ zyx 

2 - 32

Magnitude of a vector using x, y, and z coordinates:

Show that

Also show that 

2

z

2

y

2

x F   F    F  F ++= (Equation 2.18)

(Equation 2.20)
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Rectangular Components in Space

2 - 33

Direction of the force is defined by 

the location of two points,

( ) ( )222111 ,, and ,, zyxNzyxM

( )

d

Fd
F

d

Fd
F

d

Fd
F

kdjdid
d

FF

zzdyydxxd

kdjdid

NMd

z
z

y
y

x
x

zyx

zyx

zyx

===

++=

=

−=−=−=

++=

=









1

 and  joining vector 

121212




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Determining Resultants in Space

2 - 34

Determining resultants using x, y, and z rectangular components

Procedure:

1. Express each force using unit vectors

2. Add all x components for the total (resultant) x component, i.e., Rx = Fx

3. Add all y components for the total (resultant) y component, i.e., Ry = Fy

4. Add all z components for the total (resultant) z component, i.e., Rz = Fz

5. Express the final result as:  

kR    jR    iR   R zyx ++=
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Sample Problem 2.7

2 - 35

The tension in the guy wire is 2500 N.  

Determine:

a) components Fx, Fy, Fz of the force  

acting on the bolt at A,

b) the angles x, y, z defining the 

direction of the force

SOLUTION:

• Based on the relative locations of the 

points A and B, determine the unit 

vector pointing from A towards B.

• Apply the unit vector to determine the 

components of the force acting on A.

• Noting that the components of the unit 

vector are the direction cosines for the 

vector, calculate the corresponding 

angles.
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Sample Problem 2.7

2 - 36

SOLUTION:

• Determine the unit vector pointing from A 
towards B.

( ) ( ) ( )

( ) ( ) ( )

m 3.94

m30m80m40

m30m80m40

222

=
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• Determine the components of the force.
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• Noting that the components of the unit vector are 

the direction cosines for the vector, calculate the 

corresponding angles.
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Equilibrium of a particle in space

If an object in is equilibrium and if the problem is represented in three dimensions, 

then the relationship F = 0 can be expressed as:

Fx = 0

Fy = 0

Fz = 0
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• Treatment of a body as a single particle is not always possible.  In 

general, the size of the body and the specific points of application of the 

forces must be considered.

• Most bodies in elementary mechanics are assumed to be rigid, i.e., the 

actual deformations are small and do not affect the conditions of 

equilibrium or motion of the body.

• Current chapter describes the effect of forces exerted on a rigid body and 

how to replace a given system of forces with a simpler equivalent system.

• moment of a force about a point

• moment of a force about an axis

• moment due to a couple

• Any system of forces acting on a rigid body can be replaced by an 

equivalent system consisting of one force acting at a given point and one 

couple.
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• Forces acting on rigid bodies are 

divided into two groups:

- External forces

- Internal forces

• External forces are shown in a 

free-body diagram.

• If unopposed, each external force 

can impart a motion of 

translation or rotation, or both.
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• Principle of Transmissibility -

Conditions of equilibrium or motion are 

not affected by transmitting a force 

along its line of action.

NOTE:  F and F’ are equivalent forces.

• Moving the point of application of 

the force F to the rear bumper 

does not affect the motion or the 

other forces acting on the truck.

• Principle of transmissibility may 

not always apply in determining 

internal forces and deformations.
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• Concept of the moment of a force about a point is 

more easily understood through applications of 

the vector product or cross product.

• Vector product of two vectors P and Q is defined 

as the vector V which satisfies the following 

conditions:

1. Line of action of V is perpendicular to plane 

containing P and Q.

2. Magnitude of V is

3. Direction of V is obtained from the right-hand 

rule.

sinQPV =

• Vector products:

- are not commutative,

- are distributive,

- are not associative,

( )QPPQ −=

( ) 2121 QPQPQQP +=+

( ) ( )SQPSQP 
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• Vector products of Cartesian unit vectors,

0
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• Vector products in terms of rectangular 

coordinates
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• A force vector is defined by its magnitude and 

direction.  Its effect on the rigid body also depends 

on it point of application.

• The moment of F about O is defined as

FrMO =

• The moment vector MO is perpendicular to the 

plane containing O and the force F.

• Any force F’ that has the same magnitude and 

direction as F, is equivalent if it also has the same line 

of action and therefore, produces the same moment.

• Magnitude of MO measures the tendency of the force 

to cause rotation of the body about an axis along MO.

 The sense of the moment may be determined by the 

right-hand rule.

FdrFMO == sin
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• Two-dimensional structures have length and breadth but 

negligible depth and are subjected to forces contained in 

the plane of the structure.

• The plane of the structure contains the point O and the 

force F.  MO, the moment of the force about O is 

perpendicular to the plane.

• If the force tends to rotate the structure 

counterclockwise, the sense of the moment vector is out 

of the plane of the structure and the magnitude of the 

moment is positive.

• If the force tends to rotate the structure clockwise, the 

sense of the moment vector is into the plane of the 

structure and the magnitude of the moment is negative.
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• The moment about a give point O of the 

resultant of several concurrent forces is equal 

to the sum of the moments of the various 

moments about the same point O.

• Varigon’s Theorem makes it possible to 

replace the direct determination of the 

moment of a force F by the moments of two 

or more component forces of F.

( ) 





++=++ 2121 FrFrFFr
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( ) ( ) ( )kyFxFjxFzFizFyF

FFF

zyx

kji
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xyzxyz
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zyxO


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The moment of F about O,

kFjFiFF
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The moment of F about B,

FrM BAB
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= /
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For two-dimensional structures,

( )O y x

O Z

y x

M xF yF k

M M

xF yF

= −

=

= −
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O A B y A B x
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A 100lb vertical force is applied to the end of a 

lever which is attached to a shaft at O.

Determine:

a) The moment of the 100lb force about O,

b) horizontal force at A which creates the same 

moment about O,

c) smallest force at A which produces the same 

moment about O,

d) location for a 240 lb vertical force to produce 

the same moment about O,

e) whether any of the forces from b, c, and d is 

equivalent to the original force.
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a)  Moment about O is equal to the product of the 

force and the perpendicular distance between the 

line of action of the force and O.  Since the force 

tends to rotate the lever clockwise, the moment 

vector is into the plane of the paper.

( )

( )( )

24in cos60 12 in.

100 lb 12 in.

O

O

M Fd

d

M

=

=  =

=

1200 lb.in.OM =
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b)  Horizontal force at A that produces the same 

moment,

( )

( )

24 in. sin 60 20.8 in.

1200 lb in. 20.8 in.

1200 lb in.

20.8 in.

O

d

M Fd

F

F

=  =

=

 =


=

57.7lbF =
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c)  The smallest force A to produce the same moment 

occurs when the perpendicular distance is a 

maximum or when F is perpendicular to OA.

( )1200 lb in. 24 in.

1200 lb in.

24 in.

OM Fd

F

F

=

 =


=

50 lbF =
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d)  To determine the point of application of a 240 lb 

force to produce the same moment,

( )1200 lb in. 240 lb

1200 lb in.
5 in.

240 lb

cos60 5 in.

OM Fd

d

d

OB

=

 =


= =

 =

10 in.OB =
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e) Although each of the forces in parts b), c), and d) 

produces the same moment as the 450 N force, none 

are of the same magnitude and sense, or on the same 

line of action.  None of the forces is equivalent to the 

450 N force.
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The rectangular plate is supported by 

the brackets at A and B and by a wire 

CD.  Knowing that the tension in the 

wire is 200 N, determine the moment 

about A of the force exerted by the 

wire at C.

SOLUTION:

The moment MA of the force F exerted 

by the wire is obtained by evaluating 

the vector product,

FrM ACA


=
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SOLUTION:

12896120

08.003.0

−−

=

kji

M A





( ) ( ) ( )kjiM A


mN 8.82mN 8.82mN 68.7 ++−=

( ) ( )0.3 m 0.08 mC A C Ar r r i k= − = +

FrM ACA


=

( )

( )
( ) ( ) ( )

( ) ( ) ( )kji

kji

r

r
FF

DC

DC








N 128N 69N 120

m 5.0

m 32.0m 0.24m 3.0
N 200

N 200

−+−=

−+−
=

== 
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• The scalar product or dot product between 

two vectors P and Q is defined as

( )resultscalarcosPQQP =•


• Scalar products:

- are commutative,

- are distributive,

- are not associative,

PQQP


•=•

( ) 2121 QPQPQQP


•+•=+•

( ) undefined =•• SQP


• Scalar products with Cartesian unit components,

000111 =•=•=•=•=•=• ikkjjikkjjii


( ) ( )kQjQiQkPjPiPQP zyxzyx


++•++=•

2222 PPPPPP

QPQPQPQP

zyx

zzyyxx

=++=•

++=•



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• Angle between two vectors:

PQ

QPQPQP

QPQPQPPQQP

zzyyxx

zzyyxx

++
=

++==•





cos

cos


• Projection of a vector on a given axis:

cos  projection of  along 

cos

cos

OL

OL

x x y y z z

OL

P P P OL

P Q PQ P Q

P Q P Q P QP Q
P P

Q Q







= =

• = =

+ +•
= = =

zzyyxx

OL

PPP

PP





coscoscos ++=

•=


• For an axis defined by a unit vector:
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• Mixed triple product of three vectors,

( ) resultscalar =• QPS


• The six mixed triple products formed from S, P, and 

Q have equal magnitudes but not the same sign,

( ) ( ) ( )
( ) ( ) ( )SPQQSPPQS

PSQSQPQPS




•−=•−=•−=

•=•=•

( ) ( ) ( )

( )

x y z z y y z x x z

z x y y x

x y z

x y z

x y z

S P Q S P Q P Q S P Q P Q

S P Q P Q

S S S

P P P

Q Q Q

•  = − + −

+ −

=

• Evaluating the mixed triple product,
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• Moment MO of a force F applied at the point A 

about a point O,

FrMO


=

• Scalar moment MOL about an axis OL is the 

projection of the moment vector MO onto the 

axis,

( )FrMM OOL


•=•= 

• Moments of F about the coordinate axes,

xyz

zxy

yzx

yFxFM

xFzFM

zFyFM

−=

−=

−=
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• Moment of a force about an arbitrary axis,

( )

BABA

BA

BBL

rrr

Fr

MM







−=

•=

•=





• The result is independent of the point B 

along the given axis.
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a) about A

b) about the edge AB and

c) about the diagonal AG of the cube.

d) Determine the perpendicular distance 

between AG and FC.

A cube is acted on by a force P as 

shown.  Determine the moment of P



Dr. M. Aghayi                                        WhatsApp: +989394054409

Vector Mechanics for Engineers: Statics

Sample Problem 3.5

3 - 36

• Moment of P about A,

( )

( )
( )

( ) ( )

2 2

2

A F A

F A

A

M r P

r ai a j a i j

P a j a k P
P j k

a

P
M a i j j k

= 

= − = −

−
= = −

= −  −
( )kji

aP
M A


++








=

2

• Moment of P about AB,

( )kjiaPi

MiM AAB





++







•=

•=

2

2

aP
M AB =
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• Moment of P about the diagonal AG,

( )

( )

( ) ( )

( )111
6

23

1

2

3

1

3

−−=

++•−−=

++=

−−=
−−

==

•=

aP

kji
aP

kjiM

kji
aP

M

kji
a

kajaia

r

r

MM

AG

A

GA

GA

AAG
















6

aP
M AG −=
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• Perpendicular distance between AG and FC,

( ) ( ) ( )

0

110
63

1

2

=

+−=−−•−=•
P

kjikj
P

P




Therefore, P is perpendicular to AG.

Pd
aP

M AG ==
6

6

a
d =



Dr. M. Aghayi                                        WhatsApp: +989394054409

Vector Mechanics for Engineers: Statics
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• Two forces F and -F  having the same magnitude, 

parallel lines of action, and opposite sense are said 

to form a couple.

• Moment of the couple,

( )
( )

FdrFM

Fr

Frr

FrFrM

BA

BA

==

=

−=

−+=

sin







• The moment vector of the couple is 

independent of the choice of the origin of the 

coordinate axes, i.e., it is a free vector that can 

be applied at any point with the same effect.



Dr. M. Aghayi                                        WhatsApp: +989394054409

Vector Mechanics for Engineers: Statics
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Two couples will have equal moments if

•  
2211 dFdF =

• the two couples lie in parallel planes, and

• the two couples have the same sense or 

the tendency to cause rotation in the same 

direction.
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• Consider two intersecting planes P1 and 

P2 with each containing a couple

222

111

 planein  

 planein  

PFrM

PFrM




=

=

• Resultants of the vectors also form a 

couple

( )21 FFrRrM


+==

• By Varigon’s theorem

21

21

MM

FrFrM




+=

+=

• Sum of two couples is also a couple that is equal 

to the vector sum of the two couples
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Couples Can Be Represented by Vectors

3 - 42

• A couple can be represented by a vector with magnitude 

and direction equal to the moment of the couple.

• Couple vectors obey the law of addition of vectors.

• Couple vectors are free vectors, i.e., the point of application 

is not significant.

• Couple vectors may be resolved into component vectors.
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Resolution of a Force Into a Force at O and a Couple

3 - 43

• Force vector F can not be simply moved to O without modifying its 

action on the body.

• Attaching equal and opposite force vectors at O produces no net 

effect on the body.

• The three forces may be replaced by an equivalent force vector and 

couple vector, i.e, a force-couple system.
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Resolution of a Force Into a Force at O and a Couple
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• Moving F from A to a different point O’ requires the 

addition of a different couple vector MO’

FrMO


='

• The moments of F about O and O’ are related,

( )

FsM

FsFrFsrFrM

O

O




+=

+=+== ''

• Moving the force-couple system from O to O’ requires the 

addition of the moment of the force at O about O’.
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Determine the components of the 

single couple equivalent to the 

couples shown.

SOLUTION:

• Attach equal and opposite 20 lb forces in 

the +x direction at A, thereby producing 3 

couples for which the moment components 

are easily computed.

• Alternatively, compute the sum of the 

moments of the four forces about an 

arbitrary single point.  The point D is a 

good choice as only two of the forces will 

produce non-zero moment contributions..
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• Attach equal and opposite 20 lb forces 

in the +x direction at A

• The three couples may be represented by 

three couple vectors,

( )( )

( )( )

( )( ) in.lb 180in. 9lb 20

in.lb240in. 12lb 20

in.lb 540in. 18lb 30

+=+=

+=+=

−=−=

z

y

x

M

M

M

( ) ( )

( )k

jiM




in.lb 180

in.lb240in.lb 540

+

+−=
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• Alternatively, compute the sum of the 

moments of the four forces about D.

• Only the forces at C and E contribute to 

the moment about D.

( ) ( )

( ) ( )  ( )ikj

kjMM D




lb 20in. 12in. 9

lb 30in. 18

−−+

−==

( ) ( )

( )k

jiM




in.lb 180

in.lb240in.lb 540

+

+−=
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System of Forces: Reduction to a Force and Couple

3 - 54

• A system of forces may be replaced by a collection of 

force-couple systems acting a given point O

• The force and couple vectors may be combined into a 

resultant force vector and a resultant couple vector,

( ) == FrMFR R

O



• The force-couple system at O may be moved to O’ 

with the addition of the moment of R about O’ ,

RsMM R

O

R

O


+='

• Two systems of forces are equivalent if they can be 

reduced to the same force-couple system.
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Further Reduction of a System of Forces
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• If the resultant force and couple at O are mutually 

perpendicular, they can be replaced by a single force acting 

along a new line of action.

• The resultant force-couple system for a system of forces 

will be mutually perpendicular if:

1)  the forces are concurrent, 

2)  the forces are coplanar, or 

3)  the forces are parallel.
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Further Reduction of a System of Forces
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• System of coplanar forces is reduced to a 

force-couple system                   that is 

mutually perpendicular.

R

OMR


 and 

• System can be reduced to a single force 

by moving the line of action of      until 

its moment about O becomes R

OM
R


• In terms of rectangular coordinates,
R

Oxy MyRxR =−
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Sample Problem 3.8
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For the beam, reduce the system of 

forces shown to (a) an equivalent 

force-couple system at A, (b) an 

equivalent force couple system at B, 

and (c) a single force or resultant.

Note:  Since the support reactions are 

not included, the given system will 

not maintain the beam in equilibrium.

SOLUTION:

a) Compute the resultant force for the 

forces shown and the resultant 

couple for the moments of the 

forces about A.

b) Find an equivalent force-couple 

system at B based on the force-

couple system at A.

c) Determine the point of application 

for the resultant force such that its 

moment about A is equal to the 

resultant couple at A.
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SOLUTION:

a) Compute the resultant force and the 

resultant couple at A.

( ) ( ) ( ) ( ) jjjj

FR




N 250N 100N 600N 150 −+−=

=

( ) jR


N600−=

( )
( ) ( ) ( ) ( )

( ) ( )ji

jiji

FrM R

A







2508.4

1008.26006.1

−+

+−=

=

( )kM R

A


mN 1880 −=
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b) Find an equivalent force-couple system at B 

based on the force-couple system at A.

The force is unchanged by the movement of the 

force-couple system from A to B.

( ) jR


N 600−=

The couple at B is equal to the moment about B 

of the force-couple system found at A.

( ) ( ) ( )

( ) ( )kk

jik

RrMM AB

R

A

R

B







mN 2880mN 1880

N 600m 8.4mN 1880

+−=

−−+−=

+=

( )kM R

B


mN 1000 +=
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Sample Problem 3.10
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Three cables are attached to the 

bracket as shown.  Replace the 

forces with an equivalent force-

couple system at A.

SOLUTION:

• Determine the relative position vectors 

for the points of application of the 

cable forces with respect to A.

• Resolve the forces into rectangular 

components.

• Compute the equivalent force,

= FR


• Compute the equivalent couple,

( ) = FrM R

A


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SOLUTION:

• Determine the relative position 

vectors with respect to A.

( )

( )

( )m 100.0100.0

m 050.0075.0

m 050.0075.0

jir

kir

kir

AD

AC

AB







−=

−=

+=

• Resolve the forces into rectangular 

components.

( )

( )N  200600300

289.0857.0429.0

175

5015075

N 700

kjiF

kji

kji

r

r

F

B

BE

BE

B










+−=

+−=

+−
==

=





( )( )
( )N  1039600

30cos60cosN 1200

ji

jiFD




+=

+=

( )( )
( )

1000 N cos 45 cos 45

707 707   N

CF i k

i k

= −

= −
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• Compute the equivalent force,

( )

( )

( )k

j

i

FR









707200

1039600

600707300

−+

+−+

++=

=

( )N  5074391607 kjiR


−+=

• Compute the equivalent couple,

( )

k

kji

Fr

j

kji

Fr

ki

kji

Fr

FrM

DAD

cAC

BAB

R

A





















9.163

01039600

0100.0100.0

68.17

7070707

050.00075.0

4530

200600300

050.00075.0

=−=

=

−

−=

−=

−

=

=

kjiM R

A


9.11868.1730 ++=
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Introduction

4 - 3

Chapter 4 – Systems of Forces and Moments

Ch. 2: Forces were applied at a single point, so equilibrium would occur if F = 0

Ch. 4: Forces are applied at various points.  In some cases, these forces will give the object 

a tendency to rotate and F = 0 is not enough to insure equilibrium.

A 

B 

100 lb 100 lb 

Case 1:  The object is in equilibrium 

 F = 0 

A 

B 

Case 2:  The object is NOT in equilibrium 

 F = 0 

100 lb 

100 lb 

In Case 2 above, the object has a tendency to rotate (a moment, M), so the object is 

not in equilibrium.  Equilibrium for Case 2 also requires that the sum of the moments 

equal zero, indicating that there is no tendency to rotate.

So the general conditions for equilibrium are:

F = 0   (no translation)

M = 0  (no rotation)
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• The necessary and sufficient condition for the static equilibrium of a 

body are that the resultant force and couple from all external forces 

form a system equivalent to zero,

( )  = == 00 FrMF O



 = = =

 = = =

000

000

zyx

zyx

MMM

FFF

• Resolving each force and moment into its rectangular components 

leads to 6 scalar equations which also express the conditions for static 

equilibrium,

• For a rigid body in static equilibrium, the external forces and 

moments are balanced and will impart no translational or rotational 

motion to the body.
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Free-Body Diagram
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First step in the static equilibrium analysis of a rigid 

body is identification of all forces acting on the 

body with a free-body diagram.

• Select the extent of the free-body and detach it 

from the ground and all other bodies.

• Include the dimensions necessary to compute 

the moments of the forces.

• Indicate point of application and assumed 

direction of unknown applied forces.  These 

usually consist of reactions through which the 

ground and other bodies oppose the possible 

motion of the rigid body.

• Indicate point of application, magnitude, and 

direction of external forces, including the rigid 

body weight.
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• Reactions equivalent to a 

force with known line of 

action.
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• Reactions equivalent to a 

force of unknown direction 

and magnitude.

• Reactions equivalent to a 

force of unknown 

direction and magnitude 

and a couple.of unknown 

magnitude
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Rocker Bearing used to Support the 

Roadway of a Bridge
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Equilibrium of a Rigid Body in Two Dimensions
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• For all forces and moments acting on a two-

dimensional structure,

Ozyxz MMMMF ==== 00

• Equations of equilibrium become

   === 000 Ayx MFF

where A is any point in the plane of the 

structure.

• The 3 equations can be solved for no more 

than 3 unknowns.

• The 3 equations can not be augmented with 

additional equations, but they can be replaced

   === 000 BAx MMF
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• More unknowns than 

equations
• Fewer unknowns than 

equations, partially 

constrained

• Equal number unknowns 

and equations but 

improperly constrained
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A fixed crane has a mass of 1000 kg 

and is used to lift a 2400 kg crate.  It 

is held in place by a pin at A and a 

rocker at B.  The center of gravity of 

the crane is located at G.  

Determine the components of the 

reactions at A and B.

SOLUTION:

• Create a free-body diagram for the crane.

• Determine B by solving the equation for 

the sum of the moments of all forces 

about A.  Note there will be no 

contribution from the unknown 

reactions at A.

• Determine the reactions at A by 

solving the equations for the sum of 

all horizontal force components and 

all vertical force components.

• Check the values obtained for the 

reactions by verifying that the sum of 

the moments about B of all forces is 

zero.
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• Create the free-body diagram.

• Check the values obtained.

• Determine B by solving the equation for the 

sum of the moments of all forces about A.  

( ) ( )

( ) 0m6kN5.23

m2kN81.9m5.1:0

=−

− += BM A

kN1.107+=B

• Determine the reactions at A by solving the 

equations for the sum of all horizontal forces 

and all vertical forces.

0:0 =+= BAF xx

kN1.107−=xA

0kN5.23kN81.9:0 =−−= yy AF

kN 3.33+=yA
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Sample Problem 4.2

Three loads are applied to a beam as shown.  The beam is 

supported by a roller at A and by a pin at B.  Neglecting the 

weight of the beam, determine the reactions at A and B when 

P=15 kips

4 - 13
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Sample Problem 4.2

Sample Problem 4.2b

0

0

=

=
x

x

B

F


( )( ) ( ) ( )( ) ( )( )

( ) ( )( ) ( )( ) ( )( )

kipsA

ftkipsftkipsftkipsftA

M

kipsB

ftkipsftkipsftBftkips

M

B

y

y

A

00.6

046266159

0

0.21

01361169315

0

=

=−−+−

=

=

=−−+−

=









Check Fy=0
4 - 14
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A loading car is at rest on an inclined 

track.  The gross weight of the car and 

its load is 5500 lb, and it is applied at 

at G.  The cart is held in position by 

the cable.  

Determine the tension in the cable and 

the reaction at each pair of wheels.

SOLUTION:

• Create a free-body diagram for the car 

with the coordinate system aligned 

with the track.

• Determine the reactions at the wheels 

by solving equations for the sum of 

moments about points above each axle.

• Determine the cable tension by 

solving the equation for the sum of 

force components parallel to the track.

• Check the values obtained by verifying 

that the sum of force components 

perpendicular to the track are zero.
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• Create a free-body diagram

( )

( )

lb 2320

25sinlb 5500

lb 4980

25coslb 5500

−=

−=

+=

+=





y

x

W

W

• Determine the reactions at the wheels.

( ) ( )

( ) 00in.5                          

in.6lb 9804in.25lb 2320:0

2 =+

−−=

R

M A

lb 17582 =R

( ) ( )

( ) 00in.5                          

in.6lb 9804in.25lb 2320:0

1 =−

−+=

R

M B

lb 5621 =R

• Determine the cable tension.

0Tlb 4980:0 =−+= xF

lb 4980+=T
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The frame supports part of the roof of 

a small building.  The tension in the 

cable is 150 kN.

Determine the reaction at the fixed 

end E.

SOLUTION:

• Create a free-body diagram for the 

frame and cable.

• Solve 3 equilibrium equations for the 

reaction force components and 

couple at E.
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• Create a free-body diagram for 

the frame and cable.

• Solve 3 equilibrium equations for the 

reaction force components and couple.

( ) 0kN150
5.7

5.4
:0 =+= xx EF

kN 0.90−=xE

( ) ( ) 0kN150
5.7

6
kN204:0 =−−= yy EF

kN 200+=yE

 = :0EM ( ) ( )

( ) ( )

( ) 0m5.4kN150
5.7

6

m8.1kN20m6.3kN20

m4.5kN20m7.2kN20
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Sample Problem 4.5

A 400-lb weight is 

attached at A to the lever 

shown.  The constant of 

the spring BC is k=250 

lb/in and the spring is 

outstretched when f=0.  

Determine the position of 

equilibrium

4 - 19
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Sample Problem 4.5

4 - 20
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Equilibrium of a Two-Force Body

4 - 21

• Consider a plate subjected to two forces F1 and F2

• For static equilibrium, the sum of moments about A 

must be zero.  The moment of F2 must be zero.  It 

follows that the line of action of F2 must pass 

through A.

• Similarly, the line of action of F1 must pass through 

B for the sum of moments about B to be zero.

• Requiring that the sum of forces in any direction be 

zero leads to the conclusion that F1 and F2 must 

have equal magnitude but opposite sense.
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Equilibrium of a Three-Force Body

4 - 22

• Consider a rigid body subjected to forces acting at 

only 3 points.

• Assuming that their lines of action intersect, the 

moment of  F1 and F2 about the point of intersection 

represented by D is zero.

• Since the rigid body is in equilibrium, the sum of the 

moments of F1, F2, and F3 about any axis must be 

zero. It follows that the moment of F3 about D must 

be zero as well and that the line of action of F3 must 

pass through D.

• The lines of action of the three forces must be 

concurrent or parallel.
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Sample Problem 4.6

4 - 23

A man raises a 10 kg joist, of 

length 4 m, by pulling on a rope.

Find the tension in the rope and 

the reaction at A.

SOLUTION:

• Create a free-body diagram of the joist.  

Note that the joist is a 3 force body acted 

upon by the rope, its weight, and the 

reaction at A.

• The three forces must be concurrent for 

static equilibrium.  Therefore, the reaction 

R must pass through the intersection of the 

lines of action of the weight and rope 

forces.  Determine the direction of the 

reaction force R.

• Utilize a force triangle to determine the 

magnitude of the reaction force R.
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Sample Problem 4.6

4 - 24

• Create a free-body diagram of the joist.  

• Determine the direction of the reaction 

force R.

( )

( )

( )

1
2

cos 45 4m cos 45 2.828m

1.414 m

cot(45 25) 1.414 m tan 20 0.515 m

2.828 0.515  m 2.313 m

2.313
tan 1.636

1.414

AF AB

CD AE AF

BD CD

CE BF BD

CE

AE


= = =

= = =

= + = =

= − = − =

= = =

6.58=
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• Determine the magnitude of the reaction 

force R.

 38.6sin

N 1.98

110sin4.31sin
==

RT

N 8.147

N9.81

=

=

R

T
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Dimensional Structure
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Reactions at Supports and Connections for a Three-

Dimensional Structure
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Examples of supports

4 - 28

Universal Joints
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Examples of supports

4 - 29

This ball-and-socket joint provides a 

connection for the housing of an earth grader to 

its frame (reference:  Statics, 9th Edition, 

Hibbeler).

This journal bearing supports the end 

of a shaft (reference:  Statics, 9th 

Edition, Hibbeler).
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Examples of supports

4 - 30

This thrust bearing is used to 

support the drive shaft on a 

machine (reference:  Statics, 9th 

Edition, Hibbeler).

This pin is used to support the end 

of the strut used on a tractor 
(reference:  Statics, 9th Edition, 

Hibbeler).
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Sample problem 4.7

• A 20-kg ladder used to reach high shelves in a 

storeroom is supported by two flanged wheels A 

and B mounted on a rail and by an unflanged 

wheel C resting against a rail fixed to the wall. 

An 80-kg man stands on the ladder and leans to 

the right. The line of action of the combined 

weight W of the man and ladder intersects the 

floor at point D. Determine the reactions at A, 

B, and C.

4 - 31
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Sample problem 4.7
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Sample problem 4.7

4 - 33

( ) ( ) ( )

( ) ( ) 02.136.0
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5 unknowns and 5 equations, so the problem 

can be solved
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A sign of uniform density weighs 270 

lb and is supported by a ball-and-

socket joint at A and by two cables.

Determine the tension in each cable 

and the reaction at A.

SOLUTION:

• Create a free-body diagram for the sign.

• Apply the conditions for static 

equilibrium to develop equations for 

the unknown reactions.
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• Create a free-body diagram for the 

sign.

 Since there are only 5 unknowns, 

the sign is partially constrain.  It is 

free to rotate about the x axis.  It is, 

however, in equilibrium for the 

given loading.
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Sample Problem 4.8
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• Apply the conditions for 

static equilibrium to 

develop equations for the 

unknown reactions.
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Solve the 5 equations for the 5 unknowns,
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Sample Problem 4.9

• A uniform pipe cover of radius r = 

240 mm and mass 30 kg is held in a 

horizontal position by the cable CD. 

Assuming that the bearing at B does 

not exert any axial thrust, determine 

the tension in the cable and the 

reactions at A and B.

4 - 37
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Sample Problem 4.9
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Sample Problem 4.9
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6 unknowns and 6 equations
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Sample Problem 4.10
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• A 450-lb load hangs from the comer C of a rigid piece of 

pipe ABCD which has been bent as shown. The pipe is 

supported by the ball-and-socket joints A and D, which 

are fastened, respectively, to the floor and to a vertical 

wall, and by a cable attached at the midpoint E of the 

portion BC of the pipe and at a point C on the wall. 

Determine (a) where G should be located if the tension in 

the cable is to be minimum, (b) the corresponding 

minimum value of the tension.
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Sample Problem 4.10

4 - 42
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4 - 43

( ) ( )

( ) ( )

( )

( ) ( )kjyixEG

kjiT

T

ji
kjikji

T

AETTAE

k
kji

TAE















60)12(6

200100200

18006

1800126
18

61212

18

61212

18005400
18

61212

min

−+−+−=

−+−=

−=

−=











+













 −+
•












 −+

•=•

−=−•












 −+
=•





Must be the same 

direction

x=0, y=15 ft



VECTOR MECHANICS FOR ENGINEERS:

STATICS

Ferdinand P. Beer

E. Russell  Johnston, Jr.

Lecture Notes:

Dr. M. Aghayi

Site:

https://besta.ir/

WhatsApp:

+989394054409

CHAPTER

© 2020 Besta.ir. All rights reserved. Ver 1

5
Distributed Forces:  

Centroids and Centers 

of Gravity

https://besta.ir/


Dr. M. Aghayi                                        WhatsApp: +989394054409

Vector Mechanics for Engineers: Statics

Contents

5 - 2

Introduction

Center of Gravity of a 2D Body

Centroids and First Moments of Areas and 

Lines

First Moments of Areas and Lines

Centroids of Common Shapes of Areas

Centroids of Common Shapes of Lines

Composite Plates and Areas

Sample Problem 5.1

Sample Problem 5.2

Sample Problem 5.3

Determination of Centroids by Integration

Theorems of Pappus-Guldinus

Sample Problem 5.4

Sample Problem 5.5

Sample Problem 5.6

Sample Problem 5.7

Sample Problem 5.8

Distributed Loads on Beams

Sample Problem 5.9

Sample Problem 5.10

Center of Gravity of a 3D Body: 

Centroid of a Volume

Centroids of Common 3D Shapes

Composite 3D Bodies

Sample Problem 5.11

Sample Problem 5.12

Sample Problem 5.13



Dr. M. Aghayi                                        WhatsApp: +989394054409

Vector Mechanics for Engineers: Statics

Introduction

5 - 3

• The earth exerts a gravitational force on each of the particles 

forming a body.  These forces can be replace by a single 

equivalent force equal to the weight of the body and applied 

at the center of gravity for the body.

• The centroid of an area is analogous to the center of 

gravity of a body.  The concept of the first moment of an 

area is used to locate the centroid.

• Determination of the area of a surface of revolution and 

the volume of a body of revolution are accomplished 

with the Theorems of Pappus-Guldinus.
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Center of Gravity of a 2D Body

5 - 4

• Center of gravity of a plate








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=

=

=

dWy

WyWyM

dWx

WxWxM
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• Center of gravity of a wire
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Centroids and First Moments of Areas and Lines

5 - 5
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First Moments of Areas and Lines

5 - 6

• An area is symmetric with respect to an axis BB’ 

if for every point P there exists a point P’ such 

that PP’ is perpendicular to BB’ and is divided 

into two equal parts by BB’.

• The first moment of an area with respect to a 

line of symmetry is zero.

• If an area possesses a line of symmetry, its 

centroid lies on that axis

• If an area possesses two lines of symmetry, its 

centroid lies at their intersection.

• An area is symmetric with respect to a center O 

if for every element dA at (x,y) there exists an 

area dA’ of equal area at (-x,-y).  

• The centroid of the area coincides with the 

center of symmetry.
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Centroids of Common Shapes of Areas
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Centroids of Common Shapes of Lines
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Composite Plates and Areas

5 - 9

• Composite plates


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Sample Problem 5.1

5 - 10

For the plane area shown, determine 

the first moments with respect to the 

x and y axes and the location of the 

centroid.

SOLUTION:

• Divide the area into a triangle, rectangle, 

and semicircle with a circular cutout.

• Compute the coordinates of the area 

centroid by dividing the first moments by 

the total area.

• Find the total area and first moments of 

the triangle, rectangle, and semicircle.  

Subtract the area and first moment of the 

circular cutout.

• Calculate the first moments of each area 

with respect to the axes.
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Sample Problem 5.1

5 - 11

33

33
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mm102.506
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+=

y

x

Q

Q• Find the total area and first moments of the 

triangle, rectangle, and semicircle.  Subtract the 

area and first moment of the circular cutout.
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Sample Problem 5.1
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• Compute the coordinates of the area 

centroid by dividing the first moments by 

the total area.
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Sample Problem 5.2

5 - 14
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Sample Problem 5.2
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Sample Problem 5.3
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5 - 18



Dr. M. Aghayi                                        WhatsApp: +989394054409

Vector Mechanics for Engineers: Statics

Sample Problem 5.3

5 - 19



Dr. M. Aghayi                                        WhatsApp: +989394054409

Vector Mechanics for Engineers: Statics

Determination of Centroids by Integration

5 - 20
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• Double integration to find the first moment 

may be avoided by defining dA as a thin 

rectangle or strip.
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Theorems of Pappus-Guldinus

5 - 21

• Surface of revolution is generated by rotating a 

plane curve about a fixed axis.

• Area of a surface of revolution is 

equal to the length of the generating 

curve times the distance traveled by 

the centroid through the rotation.

LyA 2=
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Theorems of Pappus-Guldinus

5 - 22

• Body of revolution is generated by rotating a plane 

area about a fixed axis.

• Volume of a body of revolution is 

equal to the generating area  times 

the distance traveled by the centroid 

through the rotation.

AyV 2=
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Sample Problem 5.4

5 - 23

Determine by direct integration the 

location of the centroid of a parabolic 

spandrel.

SOLUTION:

• Determine the constant k.

• Evaluate the total area.

• Using either vertical or horizontal 

strips, perform a single integration to 

find the first moments.

• Evaluate the centroid coordinates.
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Sample Problem 5.4

5 - 24

SOLUTION:

• Determine the constant k.
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Sample Problem 5.4
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• Using vertical strips, perform a single integration 

to find the first moments.
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2

1

2

44

2

0

5

4

2

0

2
2

2

2

0

4

2

0

2

2

abx

a

b

dxx
a

b
dxy

y
dAyQ

bax

a

b

dxx
a

b
xdxxydAxQ

a

a

elx

a

a

ely

=











=









===

=











=









===







Dr. M. Aghayi                                        WhatsApp: +989394054409

Vector Mechanics for Engineers: Statics

Sample Problem 5.4

5 - 26

• Or, using horizontal strips, perform a single 

integration to find the first moments.
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• Evaluate the centroid coordinates.
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The outside diameter of a pulley is 0.8 

m, and the cross section of its rim is as 

shown.  Knowing that the pulley is 

made of steel and that the density of 

steel is 

determine the mass and weight of the 

rim.

33 mkg 1085.7 =

SOLUTION:

• Apply the theorem of Pappus-Guldinus 

to evaluate the volumes or revolution 

for the rectangular rim section and the 

inner cutout section.

• Multiply by density and acceleration 

to get the mass and acceleration.
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SOLUTION:

• Apply the theorem of Pappus-Guldinus 

to evaluate the volumes or revolution for 

the rectangular rim section and the inner 

cutout section.

( )( ) 







== − 3393633 mmm10mm1065.7mkg1085.7Vm  kg 0.60=m

( )( )2sm 81.9kg 0.60== mgW N 589=W

• Multiply by density and acceleration to 

get the mass and acceleration.
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• A distributed load is represented by plotting the load 

per unit length, w (N/m) .  The total load is equal to 

the area under the load curve.

 === AdAdxwW
L

0

( )

( ) AxdAxAOP

dWxWOP

L

==

=





0

• A distributed load can be replace by a concentrated 

load with a magnitude equal to the area under the 

load curve and a line of action passing through the 

area centroid.
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A beam supports a distributed load as 

shown.  Determine the equivalent 

concentrated load and the reactions at 

the supports.

SOLUTION:

• The magnitude of the concentrated load 

is equal to the total load or the area under 

the curve.

• The line of action of the concentrated 

load passes through the centroid of the 

area under the curve.

• Determine the support reactions by 

summing moments about the beam 

ends.
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SOLUTION:

• The magnitude of the concentrated load is equal to 

the total load or the area under the curve.

kN 0.18=F

• The line of action of the concentrated load passes 

through the centroid of the area under the curve.

kN 18

mkN 63 
=X m5.3=X
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• Determine the support reactions by summing 

moments about the beam ends.

( ) ( )( ) 0m .53kN 18m 6:0 =−= yA BM

kN 5.10=yB

( ) ( )( ) 0m .53m 6kN 18m 6:0 =−+−= yB AM

kN 5.7=yA
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• Center of gravity G

( ) −=− jWjW


( ) ( ) 
( ) ( ) ( )jWrjWr

jWrjWr

G

G




−=−

−=−





 == dWrWrdWW G


• Results are independent of body orientation,

 === zdWWzydWWyxdWWx

 === zdVVzydVVyxdVVx

dVdWVW  ==   and  

• For homogeneous bodies,
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• Moment of the total weight concentrated at the 

center of gravity G is equal to the sum of the 

moments of the weights of the component parts.

 === WzWZWyWYWxWX

• For homogeneous bodies,

 === VzVZVyVYVxVX
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Locate the center of gravity of the 

steel machine element.  The diameter 

of each hole is 1 in.

SOLUTION:

• Form the machine element from a 

rectangular parallelepiped and a 

quarter cylinder and then subtracting 

two 1-in. diameter cylinders.
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( ) ( )34 in .2865in 08.3==  VVxX

( ) ( )34 in .2865in 5.047−==  VVyY

( ) ( )34 in .2865in .6181==  VVzZ

in. 577.0=X

in. 577.0=Y

in. 577.0=Z
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• For the equilibrium of structures made of several 

connected parts, the internal forces as well the external 

forces are considered.

• In the interaction between connected parts, Newton’s 3rd 

Law states that the forces of action and reaction 

between bodies in contact have the same magnitude, 

same line of action, and opposite sense.

• Three categories of engineering structures are considered:

a) Frames:  contain at least one one multi-force 

member, i.e., member acted upon by 3 or more 

forces.

b) Trusses:  formed from two-force members, i.e., 

straight members with end point connections

c) Machines:  structures containing moving parts 

designed to transmit and modify forces.
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• A truss consists of straight members connected at 

joints.  No member is continuous through a joint.

• Bolted or welded connections are assumed to be 

pinned together.  Forces acting at the member ends 

reduce to a single force and no couple.  Only two-

force members are considered.

• Most structures are made of several trusses joined 

together to form a space framework.  Each truss 

carries those loads which act in its plane and may 

be treated as a two-dimensional structure.

• When forces tend to pull the member apart, it is in 

tension.  When the forces tend to compress the 

member, it is in compression.
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Members of a truss are slender and not capable of 

supporting large lateral loads.  Loads must be applied at 

the joints.
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Roof trusses – Safeco Field in Seattle
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Photo 6.1 - Pin-jointed connection of the 

approach span to the San Francisco-Oakland 

Bay Bridge

Gusset plate

Joints are often bolted, riveted, or 

welded.  Gusset plates are also often 

included to tie the members together.  

However, the members are designed 

to support axial loads so assuming 

that the joints act as if they are pinned 

is a good approximation.
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The roof truss 

shown is formed by 

two planar trusses 

connected by a 

series of purlins.

Reference:  Statics, 

9th Edition, by 

Hibbeler.
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Photo 6.3 - Because roof trusses, such as those shown, require support only at their ends, 

it is possible to construct buildings with large unobstructed floor areas.
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• A rigid truss will not collapse under 

the application of a load.

• A simple truss is constructed by 

successively adding two members and 

one connection to the basic triangular 

truss.

• In a simple truss,  m = 2n - 3  where 

m is the total number of members 

and n is the number of joints.
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• Dismember the truss and create a freebody 

diagram for each member and pin.

• The two forces exerted on each member are 

equal, have the same line of action, and 

opposite sense.

• Forces exerted by a member on the pins or 

joints at its ends are directed along the member 

and equal and opposite.

• Conditions of equilibrium on the pins provide 

2n equations for 2n unknowns.  For a simple 

truss, 2n = m + 3.  May solve for m member 

forces and 3 reaction forces at the supports.

• Conditions for equilibrium for the entire truss 

provide 3 additional equations which are not 

independent of the pin equations.
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• Forces in opposite members intersecting in 

two straight lines at a joint are equal.

• The forces in two opposite members are 

equal when a load is aligned with a third 

member.  The third member force is equal 

to the load (including zero load).

• The forces in two members connected at a 

joint are equal if the members are aligned 

and zero otherwise.

• Recognition of joints under special loading 

conditions simplifies a truss analysis.
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• An elementary space truss consists of 6 members 

connected at 4 joints to form a tetrahedron.

• A simple space truss is formed and can be 

extended when 3 new members and 1 joint are 

added at the same time. 

• Equilibrium for the entire truss provides 6 

additional equations which are not independent of 

the joint equations.

• In a simple space truss, m = 3n - 6 where m is the 

number of members and n is the number of joints.

• Conditions of equilibrium for the joints provide 3n 

equations.  For a simple truss, 3n = m + 6 and the 

equations can be solved for m member forces and 

6 support reactions.
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Photo 6.4 – Three-

dimensional or space trusses 

are used for broadcast and 

power transmission line 

towers, roof framing, and 

spacecraft applications, such 

as components of the 

International Space Station.



Dr. M. Aghayi                                        WhatsApp: +989394054409

Vector Mechanics for Engineers: Statics

Sample Problem 6.1

6 - 16

Using the method of joints, determine 

the force in each member of the truss.

SOLUTION:

• Based on a free-body diagram of the 

entire truss, solve the 3 equilibrium 

equations for the reactions at E and C.

• Joint A is subjected to only two unknown 

member forces.  Determine these from the 

joint equilibrium requirements.

• In succession, determine unknown 

member forces at joints D, B, and E from 

joint equilibrium requirements.

• All member forces and support reactions 

are known at joint C.  However, the joint 

equilibrium requirements may be applied 

to check the results.
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SOLUTION:

• Based on a free-body diagram of the entire truss, 

solve the 3 equilibrium equations for the reactions 

at E and C.

( )( ) ( )( ) ( )ft 6ft 12lb 1000ft 24lb 2000

0

E

MC

−+=

=

=  lb 000,10E

 == xx CF 0 0=xC

 ++−== yy CF   lb 10,000  lb 1000 - lb 20000

=  lb 7000yC
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• Joint A is subjected to only two unknown 

member forces.  Determine these from the 

joint equilibrium requirements.

534

lb 2000 ADAB FF
==

CF

TF

AD

AB

  lb 2500

  lb 1500

=

=

• There are now only two unknown member 

forces at joint D.

( ) DADE

DADB

FF

FF

5
32=

=

CF

TF

DE

DB

  lb 3000

  lb 2500

=

=
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• There are now only two unknown member 

forces at joint B.  Assume both are in tension.

( )

lb 3750

250010000
5
4

5
4

−=

−−−==

BE

BEy

F

FF

CFBE   lb 3750=

( ) ( )

lb 5250

3750250015000
5
3

5
3

+=

−−−==

BC

BCx

F

FF

TFBC   lb 5250=

• There is one unknown member force at joint 

E.  Assume the member is in tension.

( )

lb 8750

375030000
5
3

5
3

−=

++==

EC

ECx

F

FF

CFEC   lb 8750=
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• All member forces and support reactions are 

known at joint C.  However, the joint equilibrium 

requirements may be applied to check the results.

( ) ( )

( ) ( )checks    087507000

checks    087505250

5
4

5
3

=+−=

=+−=





y

x

F

F
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Using the method of joints, determine the 

force in each member of the Fink roof truss 

shown.  State whether each member is in 

tension or compression.
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Using the method of joints, determine the 

force in each member of the Fink roof truss 

shown.  State whether each member is in 

tension or compression.
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Using the method of joints, determine the 

force in each member of the Fink roof truss 

shown.  State whether each member is in 

tension or compression.
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Using the method of joints, determine the 

force in each member of the Fink roof truss 

shown.  State whether each member is in 

tension or compression.
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Using the method of joints, determine the 

force in each member of the Fink roof truss 

shown.  State whether each member is in 

tension or compression.
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• When the force in only one member or the 

forces in a very few members are desired, the 

method of sections works well.

• To determine the force in member BD, pass a 

section through the truss as shown and create 

a free body diagram for the left side.

• With only three members cut by the section, 

the equations for static equilibrium may be 

applied to determine the unknown member 

forces, including FBD.
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• Compound trusses are statically 

determinant, rigid, and completely 

constrained.
32 −= nm

• Truss contains a redundant member 

and is statically indeterminate.  

32 − nm

• Necessary but insufficient condition 

for a compound truss to be statically 

determinant, rigid, and completely 

constrained,

nrm 2=+

non-rigid rigid

32 − nm

• Additional reaction forces may be 

necessary for a rigid truss.

42 − nm
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Determine the force in members FH, 

GH, and GI.

SOLUTION:

• Take the entire truss as a free body.  

Apply the conditions for static equilib-

rium to solve for the reactions at A and L.

• Pass a section through members FH, 

GH, and GI and take the right-hand 

section as a free body.

• Apply the conditions for static 

equilibrium to determine the desired 

member forces.
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SOLUTION:

• Take the entire truss as a free body.  

Apply the conditions for static equilib-

rium to solve for the reactions at A and L.

( )( ) ( )( ) ( )( )

( )( ) ( )( ) ( )

=

++−==

=

+−−

−−−==





  kN 5.12

kN 200

  kN 5.7

m 25kN 1m 25kN 1m 20

kN 6m 15kN 6m 10kN 6m 50

A

ALF

L

L

M

y

A
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• Pass a section through members FH, GH, and GI 

and take the right-hand section as a free body.

( )( ) ( )( ) ( )

kN 13.13

0m 33.5m 5kN 1m 10kN 7.50

0

+=

=−−

=

GI

GI

H

F

F

M

• Apply the conditions for static equilibrium to 

determine the desired member forces.

TFGI   kN 13.13=
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( )( ) ( )( ) ( )( )

( )( )

kN 82.13

0m 8cos

m 5kN 1m 10kN 1m 15kN 7.5

0

07.285333.0
m 15

m 8
tan

−=

=+

−−

=

====



FH

FH

G

F

F

M

GL

FG





CFFH   kN 82.13=

( )

( )( ) ( )( ) ( )( )

kN 371.1

0m 10cosm 5kN 1m 10kN 1

0

15.439375.0
m 8

m 5
tan

3
2

−=

=++

=

====



GH

GH

L

F

F

M

HI

GI





CFGH   kN 371.1=
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• Frames and machines are structures with at least one 

multiforce member.  Frames are designed to support loads 

and are usually stationary.  Machines contain moving parts 

and are designed to transmit and modify forces.

• A free body diagram of the complete frame is used to 

determine the external forces acting on the frame.

• Internal forces are determined by dismembering the frame 

and creating free-body diagrams for each component.

• Forces between connected components are equal, have the 

same line of action, and opposite sense.

• Forces on two force members have known lines of action 

but unknown magnitude and sense.

• Forces on multiforce members have unknown magnitude 

and line of action.  They must be represented with two 

unknown components.
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• Some frames may collapse if removed from 

their supports.  Such frames can not be treated 

as rigid bodies.

• A free-body diagram of the complete frame 

indicates four unknown force components which 

can not be determined from the three equilibrium 

conditions. 

• The frame must be considered as two distinct, but 

related, rigid bodies.

• With equal and opposite reactions at the contact 

point between members, the two free-body 

diagrams indicate 6 unknown force components.

• Equilibrium requirements for the two rigid 

bodies yield 6 independent equations.
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Members ACE and BCD are 

connected by a pin at C and by the 

link DE.  For the loading shown, 

determine the force in link DE and the 

components of the force exerted at C 

on member BCD.

SOLUTION:

• Create a free-body diagram for the 

complete frame and solve for the support 

reactions.

• Define a free-body diagram for member 

BCD.  The force exerted by the link DE 

has a known line of action but unknown 

magnitude.  It is determined by summing 

moments about C.

• With the force on the link DE known, the 

sum of forces in the x and y directions 

may be used to find the force  

components at C.

• With member ACE as a free-body, 

check the solution by summing 

moments about A.
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SOLUTION:

• Create a free-body diagram for the complete frame 

and solve for the support reactions.

N 4800 −== yy AF =   N 480yA

( )( ) ( )mm 160mm 100N 4800 BM A +−==

→=   N 300B

xx ABF +== 0 −=   N 300xA

== − 07.28tan
150
801

Note:
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• Define a free-body diagram for member 

BCD.  The force exerted by the link DE has a 

known line of action but unknown 

magnitude.  It is determined by summing 

moments about C.

( )( ) ( )( ) ( )( )0 sin 250 mm 300 N 80 mm 480 N 100 mm

561 N

C DE

DE

M F

F

= = + +

= −


CFDE   N 561=

• Sum of forces in the x and y directions may be used to find the force  

components at C.

( ) N 300cosN 561 0

 N 300cos0

+−−=

+−==





x

DExx

C

FCF

N 795−=xC

( ) N 480sinN 5610

N 480sin0

−−−=

−−==





y

DEyy

C

FCF

N 216=yC
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• With member ACE as a free-body, check 

the solution by summing moments about A.

( )( ) ( )( ) ( )

( )( ) ( )( ) ( )( ) 0mm 220795mm 100sin561mm 300cos561

mm 220mm 100sinmm 300cos

=−−−+−=

−+=



 xDEDEA CFFM

(checks)
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Machines
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• Machines are structures designed to transmit 

and modify forces.  Their main purpose is to 

transform input forces into output forces.

• Given the magnitude of P, determine the 

magnitude of Q.  

• Create a free-body diagram of the complete 

machine, including the reaction that the wire 

exerts.

• The machine is a nonrigid structure.  Use 

one of the components as a free-body.

• Taking moments about A, 

P
b

a
QbQaPM A =−== 0
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50 lb

50 lb
5” 2”

For the machine (simple pliers) shown, determine 

the magnitude of the gripping forces when two 

50-lb forces are applied as shown.

Also determine the mechanical advantage.

forceInput 

forceOutput 
  advantage Mechanical =
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Introduction
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• Preceding chapters dealt with:

a)  determining external forces acting on a structure and 

b) determining forces which hold together the various members 

of a structure.

• The current chapter is concerned with determining the internal 

forces (i.e., tension/compression, shear, and bending) which hold 

together the various parts of a given member.

• Focus is on two important types of engineering structures:

a) Beams - usually long, straight, prismatic members designed 

to support loads applied at various points along the member.

b) Cables - flexible members capable of withstanding only 

tension, designed to support concentrated or distributed loads.
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Internal Forces in Members
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• Straight two-force member AB is in 

equilibrium under application of  F and 

-F.

• Internal forces equivalent to F and -F are 

required for equilibrium of free-bodies 

AC and CB.

• Multiforce member ABCD is in equil-

ibrium under application of cable and 

member contact forces.

• Internal forces equivalent to a force-

couple system are necessary for equil-

ibrium of free-bodies JD and ABCJ.

• An internal force-couple system is 

required for equilibrium of two-force 

members which are not straight.
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Sample Problem 7.1
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Determine the internal forces (a) in 

member ACF at point J and (b) in 

member BCD at K.

SOLUTION:

• Compute reactions and forces at 

connections for each member.

• Cut member ACF at J.  The internal 

forces at J are represented by equivalent 

force-couple system which is determined 

by considering equilibrium of either part.

• Cut member BCD at K.  Determine 

force-couple system equivalent to 

internal forces at K by applying 

equilibrium conditions to either part.
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:0= yF

0N1800N2400 =++− yE NEy 600=

:0= xF 0=xE

SOLUTION:

• Compute reactions and connection forces.

:0= EM

( )( ) ( ) 0m8.4m6.3N2400 =+− F N1800=F

Consider entire frame as a free-body:
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Consider member BCD as free-body:

:0= BM

( )( ) ( ) 0m4.2m6.3N2400 =+− yC N3600=yC

:0= CM

( )( ) ( ) 0m4.2m2.1N2400 =+− yB N1200=yB

:0= xF 0=+− xx CB

Consider member ABE as free-body:

:0= AM ( ) 0m4.2 =xB 0=xB

 = :0xF 0=− xx AB 0=xA

 = :0yF 0N600 =++− yy BA N1800=yA

From member BCD,

:0= xF 0=+− xx CB 0=xC
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• Cut member ACF at J.  The internal forces at J are 

represented by equivalent force-couple system.

Consider free-body AJ:

:0= JM

( )( ) 0m2.1N1800 =+− M mN2160 =M

:0= xF

( ) 07.41cosN1800 =−F N1344=F

:0= yF

( ) 07.41sinN1800 =+−V N1197=V
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• Cut member BCD at K.  Determine a force-couple 

system equivalent to internal forces at K .

Consider free-body BK:

:0= KM

( )( ) 0m5.1N1200 =+M mN1800 −=M

:0= xF 0=F

:0= yF

0N1200 =−− V N1200−=V
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Various Types of Beam Loading and Support

7- 10 

• Beam - structural member designed to support 

loads applied at various points along its length.

• Beam design is two-step process:

1) determine shearing forces and bending 

moments produced by applied loads

2) select cross-section best suited to resist 

shearing forces and bending moments

• Beam can be subjected to concentrated loads or 

distributed loads or combination of both.
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Various Types of Beam Loading and Support
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• Beams are classified according to way in which they are 

supported.

• Reactions at beam supports are determinate if they 

involve only three unknowns.  Otherwise, they are 

statically indeterminate.
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Shear and Bending Moment in a Beam
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• Wish to determine bending moment 

and shearing force at any point in a 

beam subjected to concentrated and 

distributed loads.

• Determine reactions at supports by 

treating whole beam as free-body.

• Cut beam at C and draw free-body 

diagrams for AC and CB.  By 

definition, positive sense for internal 

force-couple systems are as shown.

• From equilibrium considerations, 

determine M and V or M’ and V’.
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Shear and Bending Moment Diagrams

7- 13 

• Variation of shear and bending 

moment along beam may be 

plotted.

• Determine reactions at 

supports.

• Cut beam at C and consider 

member AC,

22 PxMPV +=+=

• Cut beam at E and consider 

member EB,

( ) 22 xLPMPV −+=−=

• For a beam subjected to 

concentrated loads, shear is 

constant between loading points 

and moment varies linearly.
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Draw the shear and bending moment 

diagrams for the beam and loading 

shown.

SOLUTION:

• Taking entire beam as a free-body, 

calculate reactions at B and D.

• Find equivalent internal force-couple 

systems for free-bodies formed by 

cutting beam on either side of load 

application points. 

• Plot results.
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SOLUTION:

• Taking entire beam as a free-body, calculate 

reactions at B and D.

• Find equivalent internal force-couple systems at 

sections on either side of load application points. 

 = :0yF 0kN20 1 =−− V kN201 −=V

:02 =M ( )( ) 0m0kN20 1 =+M 01 =M

mkN50kN26

mkN50kN26

mkN50kN26

mkN50kN26

66

55

44

33

−==

−==

−==

−==

MV

MV

MV

MV

Similarly,
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• Plot results.

 Note that shear is of constant value 

between concentrated loads and 

bending moment varies linearly.
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Draw the shear and bending moment 

diagrams for the beam AB.  The 

distributed load of 40 lb/in. extends 

over 12 in. of the beam, from A to C, 

and the 400 lb load is applied at E.

SOLUTION:

• Taking entire beam as free-body, 

calculate reactions at A and B.

• Determine equivalent internal force-

couple systems at sections cut within 

segments AC, CD, and DB.

• Plot results.



Dr. M. Aghayi                                        WhatsApp: +989394054409

Vector Mechanics for Engineers: Statics

Sample Problem 7.3

7- 18 

SOLUTION:

• Taking entire beam as a free-body, calculate 

reactions at A and B.

:0= AM

( ) ( )( ) ( )( ) 0in.22lb400in.6lb480in.32 =−−yB

lb365=yB

:0= BM

( )( ) ( )( ) ( ) 0in.32in.10lb400in.26lb480 =−+ A

lb515=A

:0= xF 0=xB

• Note:  The 400 lb load at E may be replaced by a 

400 lb force and 1600 lb-in. couple at D.
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:01 =M ( ) 040515
2
1 =+−− Mxxx

220515 xxM −=

:02 =M ( ) 06480515 =+−+− Mxx

( ) in.lb 352880 += xM

From C to D:

 = :0yF 0480515 =−− V

lb 35=V

• Evaluate equivalent internal force-couple systems 

at sections cut within segments AC, CD, and DB.

From A to C:  

 = :0yF 040515 =−− Vx

xV 40515−=
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:02 =M

( ) ( ) 01840016006480515 =+−+−−+− Mxxx

( ) in.lb 365680,11 −= xM

• Evaluate equivalent internal force-couple 

systems at sections cut within segments AC, 

CD, and DB.

From D to B:

 = :0yF 0400480515 =−−− V

lb 365−=V
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• Plot results.

From A to C:  

xV 40515−=

220515 xxM −=

From C to D:

lb 35=V

( ) in.lb 352880 += xM

From D to B:

lb 365−=V

( ) in.lb 365680,11 −= xM
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• Relations between load and shear:

( )

w
x

V

dx

dV

xwVVV

x
−=




=

=−+−

→ 0
lim

0

( )curve loadunder  area−=−=− 
D

C

x

x
CD dxwVV

• Relations between shear and bending moment:

( )

( ) VxwV
x

M

dx

dM

x
xwxVMMM

xx
=−=




=

=


+−−+

→→ 2
1

00
limlim

0
2

( )curveshear under  area==− 
D

C

x

x
CD dxVMM
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• Reactions at supports,
2

wL
RR BA ==

• Shear curve,









−=−=−=

−=−=− 

x
L

wwx
wL

wxVV

wxdxwVV

A

x

A

22

0

• Moment curve,

( )









===

−=







−=

=−





0at  
8

22

2

max

2

0

0

V
dx

dM
M

wL
M

xxL
w

dxx
L

wM

VdxMM

x

x

A
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Draw the shear and bending-

moment diagrams for the beam 

and loading shown.

SOLUTION:

• Taking entire beam as a free-body, determine 

reactions at supports.

• With uniform loading between D and E, the 

shear variation  is linear.

• Between concentrated load application 

points,                              and shear is 

constant.

0=−= wdxdV

• Between concentrated load application 

points,                                        The change 

in moment between load application points is 

equal to area under shear curve between 

points.

.constant==VdxdM

• With a linear shear variation between D 

and E, the bending moment diagram is a 

parabola.
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• Between concentrated load application points,                              

and shear is constant.0=−= wdxdV

• With uniform loading between D and E, the shear 

variation  is linear.

SOLUTION:

• Taking entire beam as a free-body, 

determine reactions at supports.

 = :0AM

( ) ( )( ) ( )( )

( )( ) 0ft 82kips 12

ft 14kips 12ft 6kips 20ft 24

=−

−−D

kips 26=D

:0 =yF

0kips 12kips 26kips 12kips 20 =−+−−yA

kips 18=yA
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• Between concentrated load application 

points,                                        The change 

in moment between load application points is 

equal to area under the shear curve between 

points.

.constant==VdxdM

• With a linear shear variation between D 

and E, the bending moment diagram is a 

parabola.

048

ftkip 48140

ftkip 9216

ftkip 108108

=+=−

−=−=−

+=−=−

+=+=−

EDE

DCD

CBC

BAB

MMM

MMM

MMM

MMM
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Sketch the shear and bending-

moment diagrams for the 

cantilever beam and loading 

shown.

SOLUTION:

• The change in shear between A and B is equal 

to the negative of area under load curve 

between points.  The linear load curve results 

in a parabolic shear curve.

• With zero load, change in shear between B 

and C is zero.

• The change in moment between A and B is 

equal to area under shear curve between 

points.  The parabolic shear curve results in 

a cubic moment curve.

• The change in moment between B and C is 

equal to area under shear curve between 

points.  The constant shear curve results in a 

linear moment curve.
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• With zero load, change in shear between B and C is 

zero.

SOLUTION:

• The change in shear between A and B is equal to 

negative of area under load curve between points.  

The linear load curve results in a parabolic shear 

curve.

awVV AB 02
1−=− awVB 02

1−=

0,at =−= w
dx

dV
B

0,0,at ww
dx

dV
VA A −=−==
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• The change in moment between A and B is equal 

to area under shear curve between the points.  

The parabolic shear curve results in a cubic 

moment curve.

• The change in moment between B and C is equal 

to area under shear curve between points.  The 

constant shear curve results in a linear moment 

curve.

( ) ( )aLawMaLawMM

awMawMM

CBC

BAB

−−=−−=−

−=−=−
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• Cables are applied as structural elements 

in suspension bridges, transmission lines, 

aerial tramways, guy wires for high 

towers, etc.

• For analysis, assume:

a) concentrated vertical loads on given 

vertical lines,

b) weight of cable is negligible,

c) cable is flexible, i.e., resistance to 

bending is small, 

d) portions of cable between successive 

loads may be treated as two force 

members

• Wish to determine shape of cable, i.e., 

vertical distance from support A to each 

load point.
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• Consider entire cable as free-body.  Slopes of 

cable at A and B are not known - two reaction 

components required at each support.

• Four unknowns are involved and three 

equations of equilibrium are not sufficient to 

determine the reactions.

• For other points on cable,

2 yields0
2

yMC =

yxyx TTFF , yield  0,0 == 

•  constantcos === xx ATT 

• Additional equation is obtained by 

considering equilibrium of portion of cable 

AD and assuming that coordinates of point D 

on the cable are known.  The additional 

equation is .0 =DM
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• For cable carrying a distributed load:

a) cable hangs in shape of a curve

b) internal force is a tension force directed along 

tangent to curve.

• Consider free-body for portion of cable extending 

from lowest point C to given point D.  Forces are 

horizontal force T0 at C and tangential force T at D.

• From force triangle:

0

22
0

0

tan

sincos

T

W
WTT

WTTT

=+=

==





• Horizontal component of T is uniform over cable.

• Vertical component of T is equal to magnitude of W 

measured from lowest point.

• Tension is minimum at lowest point and maximum 

at A and B.
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• Consider a cable supporting a uniform, horizontally 

distributed load, e.g., support cables for a 

suspension bridge.

• With loading on cable from lowest point C to a 

point D given by internal tension force 

magnitude and direction are

,wxW =

0

222
0 tan

T

wx
xwTT =+= 

• Summing moments about D,

0
2

:0 0 =−= yT
x

wxM D

0

2

2T

wx
y =

or

The cable forms a parabolic curve.
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The cable AE supports three vertical 

loads from the points indicated.  If 

point C is 5 ft below the left support, 

determine (a) the elevation of points 

B and D, and (b) the maximum slope 

and maximum tension in the cable.

SOLUTION:

• Determine reaction force components at 

A from solution of two equations formed 

from taking entire cable as free-body 

and summing moments about E, and 

from taking cable portion ABC as a free-

body and summing moments about C.

• Calculate elevation of B by considering 

AB as a free-body and summing 

moments B.  Similarly, calculate 

elevation of D using ABCD as a free-

body.

• Evaluate maximum slope and 

maximum tension which occur in DE.
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SOLUTION:

• Determine two reaction force components at A 

from solution of two equations formed from 

taking entire cable as a free-body and summing 

moments about E, 

( ) ( ) ( )

06606020

041512306406020

:0

=+−

=+++−

=

yx

yx

E

AA

AA

M

and from taking cable portion ABC as a 

free-body and summing moments about C.

( ) 0610305

:0

=+−−

=

yx

C

AA

M

Solving simultaneously,

kips 5kips 18 =−= yx AA
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• Calculate elevation of B by considering AB as 

a free-body and summing moments B.  

( ) ( ) 020518:0 =−= BB yM

ft 56.5−=By

Similarly, calculate elevation of D using 

ABCD as a free-body.

( ) ( ) ( ) ( ) 0121562554518

:0

=++−−

=

Dy

M

ft83.5=Dy
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• Evaluate maximum slope and 

maximum tension which occur in DE.

15

7.14
tan = = 4.43

cos

kips 18
max =T kips 8.24max =T
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• Consider a cable uniformly loaded along the cable 

itself, e.g., cables hanging under their own weight.

• With loading on the cable from lowest point C to a 

point D given by the internal tension force 

magnitude is

w
T

cscwswTT 022222
0 =+=+=

,wsW =

• To relate horizontal distance x to cable length s,

c

x
cs

c

s
c

csq

ds
x

csq

ds

T

T
dsdx

s

sinhandsinh

coscos

1

0
22

22

0

==
+

=

+
===

−



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• To relate x and y cable coordinates, 

c

x
cy

c
c

x
cdx

c

x
cy

dx
c

x
dx

c

s
dx

T

W
dxdy

x

cosh

coshsinh

sinhtan

0

0

=

−==−

====





which is the equation of a catenary.
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• In preceding chapters, it was assumed that surfaces in contact were 

either frictionless (surfaces could move freely with respect to each 

other) or rough (tangential forces prevent relative motion between 

surfaces).

• Actually, no perfectly frictionless surface exists.  For two surfaces 

in contact, tangential forces, called friction forces, will develop if 

one attempts to move one relative to the other.

• However, the friction forces are limited in magnitude and will not 

prevent motion if sufficiently large forces are applied.

• The distinction between frictionless and rough is, therefore, a matter 

of degree.

• There are two types of friction: dry or Coulomb friction and fluid 

friction.  Fluid friction applies to lubricated mechanisms.  The 

present discussion is limited to dry friction between nonlubricated 

surfaces.
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• Block of weight W placed on horizontal 

surface.  Forces acting on block are its weight 

and reaction of surface N.  

• Small horizontal force P applied to block.  For 

block to remain stationary, in equilibrium, a 

horizontal component F of the surface reaction 

is required.  F is a static-friction force.

• As P increases, the static-friction force F 

increases as well until it reaches a maximum 

value Fm.

NF sm =

• Further increase in P causes the block to begin 

to move as F drops to a smaller kinetic-friction 

force Fk.

NF kk =
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• Maximum static-friction force:

NF sm =

• Kinetic-friction force:

sk

kk NF





75.0

=

• Maximum static-friction force and kinetic-

friction force are:

- proportional to normal force

- dependent on type and condition of 

contact surfaces

- independent of contact area
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• Four situations can occur when a rigid body is in contact with 

a horizontal surface:

• No friction,

(Px = 0)

• No motion,

(Px < Fm)

• Motion impending,

(Px = Fm)

• Motion,

(Px > Fm)
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• It is sometimes convenient to replace normal force 

N and friction force F by their resultant R:

• No friction • Motion impending• No motion

ss

sm
s

N

N

N

F






=

==

tan

tan

• Motion

kk

kk
k

N

N

N

F






=

==

tan

tan
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• Consider block of weight W resting on board with 

variable inclination angle 

• No friction • No motion • Motion 

impending

• Motion
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• All applied forces known

• Coefficient of static friction 

is known

• Determine whether body 

will remain at rest or slide

• All applied forces known

• Motion is impending

• Determine value of coefficient 

of static friction.

• Coefficient of static 

friction is known

• Motion is impending

• Determine magnitude or 

direction of one of the 

applied forces
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A 100 lb force acts as shown on a 300 lb 

block placed on an inclined plane.  The 

coefficients of friction between the block 

and plane are s = 0.25 and k = 0.20.  

Determine whether the block is in 

equilibrium and find the value of the 

friction force.

SOLUTION:

• Determine values of friction force 

and normal reaction force from plane 

required to maintain equilibrium.

• Calculate maximum friction force 

and compare with friction force 

required for equilibrium.  If it is 

greater, block will not slide.

• If maximum friction force is less 

than friction force required for 

equilibrium, block will slide.  

Calculate kinetic-friction force.
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SOLUTION:

• Determine values of friction force and normal 

reaction force from plane required to maintain 

equilibrium.

:0= xF ( ) 0lb 300 - lb 100
5
3 =− F

lb 80−=F

:0= yF ( ) 0lb 300 - 
5
4 =N

lb 240=N

• Calculate maximum friction force and compare 

with friction force required for equilibrium.  If it is 

greater, block will not slide.

( ) lb 48lb 24025.0 === msm FNF 

The block will slide down the plane. 
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• If maximum friction force is less than friction 

force required for equilibrium, block will slide.  

Calculate kinetic-friction force.

( )lb 24020.0=

== NFF kkactual 

lb 48=actualF
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The moveable bracket shown may be 

placed at any height on the 3-in. 

diameter pipe.  If the coefficient of 

friction between the pipe and bracket is 

0.25, determine the minimum distance 

x at which the load can be supported.  

Neglect the weight of the bracket.

SOLUTION:

• When W is placed at minimum x, the 

bracket is about to slip and friction 

forces in upper and lower collars are at 

maximum value.

• Apply conditions for static equilibrium 

to find minimum x.



Dr. M. Aghayi                                        WhatsApp: +989394054409

Vector Mechanics for Engineers: Statics

Sample Problem 8.3

8 - 19

SOLUTION:

• When W is placed at minimum x, the bracket is about to 

slip and friction forces in upper and lower collars are at 

maximum value.

BBsB

AAsA

NNF

NNF

25.0

25.0

==

==





• Apply conditions for static equilibrium to find minimum x.

:0= xF 0=− AB NN AB NN =

:0= yF

WN

WNN

WFF

A

BA

BA

=

=−+

=−+

5.0

025.025.0

0

WNN BA 2==

:0= BM ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) 05.1275.026

05.125.036

0in.5.1in.3in.6

=−−−

=−−−

=−−−

xWWW

xWNN

xWFN

AA

AA

in.12=x
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• Wedges - simple 

machines used to raise 

heavy loads.

• Force required to lift 

block is significantly 

less than block weight.

• Friction prevents wedge 

from sliding out.

• Want to find minimum 

force P to raise block.

• Block as free-body

0

:0

0

:0

21

21

=+−−

=

=+−

=





NNW

F

NN

F

s

y

s

x





or

021 =++ WRR


( )

( ) 06sin6cos

:0

0

6sin6cos

:0

32

32

=−+−

=

=+

−−−

=





s

y

ss

x

NN

F

P

NN

F





• Wedge as free-body

or

032 =+− RRP

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• Square-threaded screws frequently used in jacks, presses, etc.  

Analysis similar to block on inclined plane.  Recall friction 

force does not depend on area of contact.

• Thread of base has been “unwrapped” and shown as straight 

line.  Slope is 2r horizontally and lead L vertically.

• Moment of force Q is equal to moment of force P. rPaQ =

• Impending motion 

upwards.  Solve for 

Q.

•  Self-locking, solve 

for Q to lower load.   

, s •  Non-locking, solve 

for Q to hold load.   

, s
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A clamp is used to hold two pieces of 

wood together as shown.  The clamp 

has a double square thread of mean 

diameter equal to 10 mm with a pitch 

of 2 mm.  The coefficient of friction 

between threads is s = 0.30.  

If a maximum torque of 40 N*m is 

applied in tightening the clamp, 

determine (a) the force exerted on the 

pieces of wood, and (b) the torque 

required to loosen the clamp.

SOLUTION

• Calculate lead angle and pitch angle.

• Using block and plane analogy with 

impending motion up the plane, calculate 

the clamping force with a force triangle.

• With impending motion down the plane, 

calculate the force and torque required to 

loosen the clamp.
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SOLUTION

• Calculate lead angle and pitch angle.  For the double 

threaded screw, the lead L is equal to twice the pitch.

( )

30.0tan

1273.0
mm 10

mm22

2
tan

==

===

ss

r

L




 = 3.7

= 7.16s

• Using block and plane analogy with impending 

motion up the plane, calculate clamping force with 

force triangle.

kN8
mm5

mN 40
mN 40 =


== QrQ

( )


==+
24tan

kN8
tan W

W

Q
s

kN97.17=W
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• With impending motion down the plane, calculate 

the force and torque required to loosen the clamp.

( ) ( ) ==− 4.9tankN97.17tan Q
W

Q
s 

kN975.2=Q

( )( )

( )( )m105N10975.2

mm5kN975.2

33 −=

== rQTorque

mN87.14 =Torque
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Moment to Raise = W r tan( + s)

Moment to Lower = W r tan( - s)



Dr. M. Aghayi                                        WhatsApp: +989394054409

Vector Mechanics for Engineers: Statics

Journal Bearings.  Axle Friction

8 - 32

• Journal bearings provide lateral support to rotating 

shafts.  Thrust bearings provide axial support

• Frictional resistance of fully lubricated bearings 

depends on clearances, speed and lubricant viscosity.  

Partially lubricated axles and bearings can be 

assumed to be in direct contact along a straight line.

• Forces acting on bearing are weight W of wheels and 

shaft, couple M to maintain motion, and reaction R 

of the bearing. 

• Reaction is vertical and equal in magnitude to W.

• Reaction line of action does not pass through shaft 

center O;  R is located to the right of O, resulting in 

a moment that is balanced by M.

• Physically, contact point is displaced as axle 

“climbs” in bearing.
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Axle Friction (Journal Bearings)

If the journal bearings fit the axle tightly and are well-lubricated, then the laws of fluid 
mechanics are used to determine the frictional resistance.  However, if the bearing is 
somewhat loose fitting and is not well-lubricated, then the laws of dry friction apply.  
This is the approach used here.

Assumptions:

1) The axle is loose fitting

2) The bearing is not well-lubricated

3) As the axle rotates, it “climbs up” the 
wall of the support and there is a single 
point of contact between the axle and 
the support.

Note how the axle climbs up the wall of the support.

A single point of contact, A, is assumed.

Note how the axle fits

Loosely in the support.
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• Angle between R and 

normal to bearing 

surface is the angle of 

kinetic friction k.

k

k

Rr

RrM







= sin

• May treat bearing 

reaction as force-

couple system.

• For graphical solution, 

R must be tangent to 

circle of friction.

k

kf

r

rr







= sin
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Consider rotating hollow shaft:

( )2
1

2
2 RR

APr

A
A

P
rNrFrM

k

kk

−


=

===







For full circle of radius R,

PRM k3
2=

( )

2
1

2
2

3
1

3
2

3
2

2

0

2

2
1

2
2

2

1

RR

RR
P

drdr
RR

P
M

k

R

R

k

−

−
=

−
=  






 
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• Point of wheel in contact 

with ground has no 

relative motion with 

respect to ground. 

Ideally, no friction.

• Moment M due to frictional 

resistance of axle bearing 

requires couple produced by 

equal and opposite P and F.

Without friction at rim, 

wheel would slide.

• Deformations of wheel and 

ground cause resultant of 

ground reaction to be 

applied at B.  P is required 

to balance moment of W 

about B.

Pr = Wb

b = coef of rolling resistance
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A pulley of diameter 4 in. can 

rotate about a fixed shaft of 

diameter 2 in.  The coefficient of 

static friction between the pulley 

and shaft is 0.20.  

Determine:

• the smallest vertical force P 

required to start raising a 

500 lb load,

• the smallest vertical force P 

required to hold the load, 

and

• the smallest horizontal force 

P required to start raising 

the same load.

SOLUTION:

• With the load on the left and force 

P on the right, impending motion 

is clockwise to raise load.  Sum 

moments about displaced contact 

point B to find P.

• Impending motion is counter-

clockwise as load is held 

stationary with smallest force P.  

Sum moments about C to find P.

• With the load on the left and force 

P acting horizontally to the right, 

impending motion is clockwise to 

raise load.  Utilize a force triangle 

to find P.
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SOLUTION:

• With the load on the left and force P on the right, 

impending motion is clockwise to raise load.  Sum 

moments about displaced contact point B to find P.

The perpendicular distance from center O of pulley 

to line of action of R is

( ) in.20.020.0in.1sin == fssf rrrr 

Summing moments about B,

( )( ) ( ) 0in.80.1lb500in.20.2:0 =−= PM B

lb611=P
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The perpendicular distance from center O of pulley to 

line of action of R is again 0.20 in.  Summing 

moments about C,

( )( ) ( ) 0in.20.2lb500in.80.1:0 =−= PMC

lb409=P

• Impending motion is counter-clockwise as load is held 

stationary with smallest force P.  Sum moments about 

C to find P.
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• With the load on the left and force P acting 

horizontally to the right, impending motion is 

clockwise to raise load.  Utilize a force triangle to 

find P.

Since W, P, and R are not parallel, they must be 

concurrent.  Line of action of R must pass through 

intersection of W and P and be tangent to circle of 

friction which has radius rf = 0.20 in.

( )

=

===

1.4

0707.0
2in.2

in.20.0
sin




OD

OE

From the force triangle,

( ) ( ) =−= 9.40cotlb50045cot WP

lb577=P
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Belt Friction
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• Relate T1 and T2 when belt is about to slide to right.

• Draw free-body diagram for element of belt

( ) 0
2

cos
2

cos:0 =−


−


+= NTTTF sx 


( ) 0
2

sin
2

sin:0 =


−


+−=


TTTNFy

• Combine to eliminate N, divide through by ,

( )
2

2sin

22
cos








 









 
+−





 T
T

T
s

• In the limit as  goes to zero,

0=− T
d

dT
s



• Separate variables and integrate from  ==   to0

 se
T

T

T

T
s ==

1

2

1

2 orln
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A flat belt connects pulley A to pulley B.  

The coefficients of friction are s = 0.25 

and k = 0.20 between both pulleys and 

the belt.  

Knowing that the maximum allowable 

tension in the belt is 600 lb, determine 

the largest torque which can be exerted 

by the belt on pulley A.

SOLUTION:

• Since angle of contact is smaller, 

slippage will occur on pulley B first.  

Determine belt tensions based on 

pulley B.

• Taking pulley A as a free-body, sum 

moments about pulley center to 

determine torque.
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SOLUTION:

• Since angle of contact is smaller, slippage will 

occur on pulley B first.  Determine belt tensions 

based on pulley B.

( )

lb4.355
1.688

lb600

688.1
lb600

1

3225.0

11

2

==

===

T

e
T

e
T

T
s 

• Taking pulley A as free-body, sum moments about 

pulley center to determine torque.

( )( ) 0lb600lb4.355in.8:0 =−+= AA MM

ftlb1.163 =AM
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The strength of structural members depends to a large extent on the properties of their cross 

sections, particularly on the second moments, or moments of inertia, of their areas.
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Chapter 9 – Moments of Inertia

Moments of inertia are not actually used in Statics; however, since the calculations 

for moments of inertia are quite similar to those for centroids they are introduced at 

this point.  Moments of inertia are used in courses such as mechanics of materials, 

dynamics, and fluid mechanics.

The moment of inertia of an object is a measure of its resistance to change in 

rotation.  Everyday experience tells us that it is harder to start (or stop) a large wheel 

turning than a small wheel.  Mathematically, this is represented by the large wheel 

having a larger moment of inertia.

Moments of inertia are used in various engineering calculations, including:

•  Locating the resultant of hydrostatic pressure forces on submerged bodies

•  Calculating stresses in beams – they are at times related to the moment of inertia

   of the cross-sectional area of the beam (resistance to bending)

•  Mass moments of inertia are used in studying the rotational motion of objects
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• Previously considered distributed forces which were proportional to the 

area or volume over which they act.  

- The resultant was obtained by summing or integrating over the 

areas or volumes.

- The moment of the resultant about any axis was determined by 

computing the first moments of the areas or volumes about that 

axis.

• Will now consider forces which are proportional to the area or volume 

over which they act but also vary linearly with distance from a given axis.

- It will be shown that the magnitude of the resultant depends on the 

first moment of the force distribution with respect to the axis.

- The point of application of the resultant depends on the second 

moment of the distribution with respect to the axis.

• Current chapter will present methods for computing the moments and 

products of inertia for areas and masses.
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Moment of Inertia of an Area
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• Consider distributed forces whose magnitudes are 

proportional to the elemental areas on which they 

act and also vary linearly with the distance of 

from a given axis.

F




A

A

• Example:  Consider a beam subjected to pure bending.  

Internal forces vary linearly with distance from the 

neutral axis which passes through the section centroid. 

moment second 

momentfirst  0
22 ==

====

=




dAydAykM

QdAydAykR

AkyF

x



• Example:  Consider the net hydrostatic force on a 

submerged circular gate.





=

=

==

dAyM

dAyR

AyApF

x
2




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• Second moments or moments of inertia of 

an area with respect to the x and y axes,

 == dAxIdAyI yx
22

• Evaluation of the integrals is simplified by 

choosing d to be a thin strip parallel to 

one of the coordinate axes.

• For a rectangular area,

3
3
1

0

22 bhbdyydAyI
h

x === 

• The formula for rectangular areas may also 

be applied to strips parallel to the axes,

dxyxdAxdIdxydI yx
223

3
1 ===
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• The polar moment of inertia is an important 

parameter in problems involving torsion of 

cylindrical shafts and rotations of slabs.

= dArJ 2
0

• The polar moment of inertia is related to the 

rectangular moments of inertia,

( )
xy II

dAydAxdAyxdArJ

+=

+=+== 
22222

0
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Radius of Gyration of an Area
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• Consider area A with moment of inertia 

Ix.  Imagine that the area is 

concentrated in a thin strip parallel to 

the x axis with equivalent Ix.

A

I
kAkI x

xxx == 2

kx = radius of gyration with respect 

to the x axis

• Similarly,

A

J
kAkJ

A

I
kAkI

O
OOO

y
yyy

==

==

2

2

222
yxO kkk +=
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Determining moments of inertia
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Moments of inertia can be found using three methods:

1. Composites – If an object can be divided up into relatively simple shapes 

with known moments of inertia, then the moment of inertia of the entire is the 

sum of the moments of inertia of the composites.  For N composite shapes:

2. Integration – If the area, volume, or line of an object can be described by a 

mathematical equations, then the moment of inertia can be determined 

through integration.

3. Solid modeling software – Software such as AutoCAD can be used to 

construct 3D models of objects.  The software can also determine the 

centroid , volumes, moments of inertia and other mass properties of the 

object).  This is not a required element of this course, but an example will be 

provided.

 == dAxIdAyI yx
22

   ...     

   ...     

21

21

N

N

yyyy

xxxx

IIII

IIII

+++=

+++=
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Determine the moment of 

inertia of a triangle with respect 

to its base.

SOLUTION:

• A differential strip parallel to the x axis is chosen for 

dA.

dyldAdAydIx == 2

• For similar triangles,

dy
h

yh
bdA

h

yh
bl

h

yh

b

l −
=

−
=

−
=

• Integrating dIx from y = 0 to y = h,

( )

h

hh

x

yy
h

h

b

dyyhy
h

b
dy

h

yh
bydAyI

0

43

0

32

0

22

43








−=

−=
−

== 

12

3bh
I x=



Dr. M. Aghayi                                        WhatsApp: +989394054409

Vector Mechanics for Engineers: Statics

Sample Problem 9.2

9 -  14

a) Determine the centroidal polar 

moment of inertia of a circular 

area by direct integration.

b) Using the result of part a, 

determine the moment of inertia 

of a circular area with respect to a 

diameter.

SOLUTION:

• An annular differential area element is chosen,

( )  ===

==

rr

OO

O

duuduuudJJ

duudAdAudJ

0

3

0

2

2

22

2





4

2
rJO


=

• From symmetry, Ix = Iy,

xxyxO IrIIIJ 2
2

2 4 ==+=


4

4
rII xdiameter


==
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a) Determine the moment of inertia of the shaded area shown 

with respect to the coordinate axes 

b) Using the result of part a, determine the radius of gyration 

of the shaded area with respect to each of the cordiante axes
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Parallel Axis Theorem
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• Consider moment of inertia I of an area A 

with respect to the axis AA’ 

= dAyI 2

• The axis BB’ passes through the area centroid 

and is called a centroidal axis.

( )





++=

+==

dAddAyddAy

dAdydAyI

22

22

2

2AdII += parallel axis theorem
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Parallel Axis Theorem
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Parallel-axis theorem

Changing the axis of rotation can have a huge effect on the moment of inertia.  Consider the 
case of trying to rotate a wheel about its axle (its centroidal axis) versus the much more 
difficult task of trying to rotate the wheel about a bar (axis) several feet away from the wheel.  
The parallel axis theorem is used to calculate the moment of inertia about a new axis if the 
moment of inertia about the centroidal axis is known.

( )

( )

22

y

2 2

2

y

I   x dA  x'  dx dA  

     x' dA  2dx x'dA  dx dA  

      I '     dx A

= = +

= + +

= + 

 

  

2

x x

2

y y

2 2 2 2

o o

Parallel - axis theorem:

I   I '     dy A

I   I '     dx A

J   J '     d A ,    where d   dx   dy   

= + 

= + 

= +  = +

Important note:  The parallel axis theorem shows how to find the moment of inertia about 
any other axis if the moment of inertia is known about the centroidal axis.  So you must begin 
by finding the moment of inertia about the centroidal axis (i. e., find Ix ' first to find Ix about 
any other axis).
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• Moment of inertia IT of a circular area with 

respect to a tangent to the circle,

( )
4

4
5

224
4
12

r

rrrAdIIT





=

+=+=

• Moment of inertia of a triangle with respect to a 

centroidal axis,

( )
3

36
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3
1

2
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• The moment of inertia of a composite area A about a given axis is 

obtained by adding the moments of inertia of  the component areas 

A1, A2, A3, ... , with respect to the same axis.
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The strength of a W14x38 rolled steel 

beam is increased by attaching a plate 

to its upper flange.  

Determine the moment of inertia and 

radius of gyration with respect to an 

axis which is parallel to the plate and 

passes through the centroid of the 

section.

SOLUTION:

• Determine location of the centroid of 

composite section with respect to a 

coordinate system with origin at the 

centroid of the beam section.

• Apply the parallel axis theorem to 

determine moments of inertia of beam 

section and plate with respect to 

composite section centroidal axis.

• Calculate the radius of gyration from the 

moment of inertia of the composite 

section.
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SOLUTION:

• Determine location of the centroid of composite section 

with respect to a coordinate system with origin at the 

centroid of the beam section.

12.5095.17

0011.20Section Beam

12.50425.76.75Plate

in ,in. ,in ,Section 32

==  AyA

AyyA

in. 792.2
in 17.95

in 12.50
2

3

====





A

Ay
YAyAY
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• Apply the parallel axis theorem to determine moments of 

inertia of beam section and plate with respect to composite 

section centroidal axis.

( )( )

( )( ) ( )( )

4

23

4
3

12
12

plate,

4

22
sectionbeam,

in 2.145

792.2425.775.69

in3.472

792.220.11385

=

−+=+=

=

+=+=





AdII

YAII

xx

xx

• Calculate the radius of gyration from the moment of inertia 

of the composite section.

2

4

in 17.95

in 5.617
== 


A

I
k x

x
in. 87.5=xk

2.145 3.472plate,section beam, +=+=  xxx III

4in 618=xI
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Determine the moment of inertia 

of the shaded area with respect to 

the x axis.

SOLUTION:

• Compute the moments of inertia of the 

bounding rectangle and half-circle with 

respect to the x axis.

• The moment of inertia of the shaded area is 

obtained by subtracting the moment of 

inertia of the half-circle from the moment 

of inertia of the rectangle.
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SOLUTION:

• Compute the moments of inertia of the bounding 

rectangle and half-circle with respect to the x axis.

Rectangle:

( )( ) 46

3
13

3
1 mm102.138120240 === bhIx

Half-circle:  

moment of inertia with respect to AA’,

( ) 464

8
14

8
1 mm1076.2590 === rI AA

( )( )
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23
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2
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2
1
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3

904

3

4
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



rA

r
a

moment of inertia with respect to x’,

( )( )
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362
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=

=−=  AaII AAx

moment of inertia with respect to x,

( )( )
46

2362

mm103.92

8.811072.121020.7
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• The moment of inertia of the shaded area is obtained by 

subtracting the moment of inertia of the half-circle from 

the moment of inertia of the rectangle.

46mm109.45 =xI

xI = 46mm102.138  − 46mm103.92 
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Demonstration:  The instructor will pass around two blocks of wood with dowels 

through them.  Rotate the blocks using the dowels.  

1)  Which is easiest to rotate?

2)  Where do you think that the dowel should be placed such that the block will be 

easiest to rotate?  Why?
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Example:  Find Ix and Iy for a 3.5” x 7” rectangular block 

a)  about the centroidal axes, x’ and y’ (refer to the table of composites)

b)  about the axes along the edge of the block, x1 and y1

c)  about the axes that are 4” away from the edge of the block, x2 and y2

Discuss the relative magnitudes of the results.

C x’

y1

x1

y2

x2

y’

4”

4”
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Finding moments of inertia using composites:  

Moments of inertia are additive.  If an object can be broken down into N composite shapes 

with known moments of inertia, then the total moment of inertia is the sum of the moments 

of inertia for each part.  Also note that Ix and Iy are negative for negative areas.

A3A2A1

Example:  

The object below can be broken up into three areas with common shapes as shown.

If 

Ix1 and Iy1  = the moments of inertia for area A1 

Ix2 and Iy2  = the moments of inertia for area A2 

Ix3 and Iy3  = the moments of inertia for area A3

then

Ix(total) = Ix = Ix1 + Ix2 + Ix3

Iy(total) = Iy = Iy1 + Iy2 + Iy3
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Finding moments of inertia using composites:  

When moments of inertia are found using composites, two types of problems are typically 

considered:

1)  Finding Ix and Iy around fixed axes (or specified axes).

2) Finding Ix and Iy around the centroidal axes for the entire object (so the centroid must be 

found first).

x

y

Example:  Find Ix and Iy about the 

fixed x and y axes shown.

x’

y’

Example:  Find Ix and Iy about the 

centroidal axes of the object.

C
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Example:  Determine the moments of inertia about the fixed x and y axes shown.
y 

x 
O 

6.00" 

8.00" 

R1.00" 

R3.00" 
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Example:  Determine the moments of inertia about the centroidal axes (i.e., about the 

centroid of the entire object).  All dimensions are in mm.
y

x

30

R7

12.5

12.5

12.5

55
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• Product of Inertia:

= dAxyI xy

• When the x axis, the y axis, or both are an 

axis of symmetry, the product of inertia is 

zero.

• Parallel axis theorem for products of inertia:

AyxII xyxy +=
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Given





=

==

dAxyI

dAxIdAyI

xy

yx
22

we wish to determine moments 

and product of inertia with 

respect to new axes x’ and y’.







2cos2sin
2

2sin2cos
22

2sin2cos
22

xy
yx

yx

xy
yxyx

y

xy
yxyx

x

I
II

I

I
IIII

I

I
IIII

I

+
−

=

+
−

−
+

=

−
−

+
+

=







• The change of axes yields

• The equations for Ix’ and Ix’y’ are the 

parametric equations for a circle,

( )

2

222

22
xy

yxyx
ave

yxavex

I
II

R
II

I

RIII

+








 −
=

+
=

=+− 

• The equations for Iy’ and Ix’y’ lead to the 

same circle.



sincos

sincos

xyy

yxx

−=

+=Note:
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( )

2

222

22
xy

yxyx
ave

yxavex

I
II

R
II

I

RIII

+








 −
=

+
=

=+− 

• At the points A and B, Ix’y’ = 0  and Ix’ is 

a maximum and minimum, respectively.

RII ave =minmax,

yx

xy
m

II

I

−
−=

2
2tan 

• Imax and Imin are the principal moments 

of inertia of the area about O.

• The equation for m defines two 

angles, 90o apart which correspond to 

the principal axes of the area about O.
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Determine the product of inertia of 

the right triangle (a) with respect 

to the x and y axes and 

(b) with respect to centroidal axes 

parallel to the x and y axes.

SOLUTION:

• Determine the product of inertia using 

direct integration with the parallel axis 

theorem on vertical differential area strips

• Apply the parallel axis theorem to 

evaluate the product of inertia with respect 

to the centroidal axes.
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SOLUTION:

• Determine the product of inertia using direct integration 

with the parallel axis theorem on vertical differential 

area strips









−===









−==








−=

b

x
hyyxx

dx
b

x
hdxydA

b

x
hy

elel 1

11

2
1

2
1

Integrating dIx from x = 0 to x = b,

( )

b
b

b

elelxyxy

b

x

b

xx
hdx

b

x

b

xx
h

dx
b

x
hxdAyxdII

0
2

432
2

0
2

32
2

0

2
2

2
1

83422

1









+−=














+−=









−===





22

24
1 hbIxy =
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• Apply the parallel axis theorem to evaluate the 

product of inertia with respect to the centroidal axes.

hybx
3
1

3
1 ==

With the results from part a,

( )( )( )bhhbhbI

AyxII

yx

yxxy

2
1

3
1

3
122

24
1 −=

+=





22

72
1 hbI yx −=
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For the section shown, the moments of 

inertia with respect to the x and y axes 

are Ix = 10.38 in4 and Iy = 6.97 in4.

Determine (a) the orientation of the 

principal axes of the section about O, 

and (b) the values of the principal 

moments of inertia about O.

SOLUTION:

• Compute the product of inertia with 

respect to the xy axes by dividing the 

section into three rectangles and applying 

the parallel axis theorem to each.

• Determine the orientation of the 

principal axes (Eq. 9.25) and the 

principal moments of inertia (Eq. 9. 27). 
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SOLUTION:

• Compute the product of inertia with respect to the xy axes 

by dividing the section into three rectangles.

56.6

28.375.125.15.1

0005.1

28.375.125.15.1

in,in. ,in. ,in Area,Rectangle 42

−=

−−+

−+−

 Ayx

III

II

I

Ayxyx

Apply the parallel axis theorem to each rectangle,

( ) +=  AyxII yxxy

Note that the product of inertia with respect to centroidal 

axes parallel to the xy axes is zero for each rectangle.

4in 56.6−==  AyxIxy
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• Determine the orientation of the principal axes (Eq. 9.25) 

and the principal moments of inertia (Eq. 9. 27). 

4

4

4

in 56.6

in 97.6

in 38.10

−=

=

=

xy

y

x

I

I

I

( )

=

+=
−

−
−=

−
−=

255.4 and 4.752

85.3
97.638.10

56.622
2tan

m

yx

xy
m

II

I





== 7.127  and  7.37 mm 

( )2
2

2
2

minmax,

56.6
2

97.638.10

2

97.638.10

22

−+






 −


+
=

+






 −


+
= xy

yxyx
I

IIII
I

4
min

4
max

in 897.1

in 45.15

==

==

II

II

b

a
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2

22
xy

yxyx
ave I

II
R

II
I +









 −
=

+
=

• The moments and product of inertia for an area 

are plotted as shown and used to construct Mohr’s 

circle,

• Mohr’s circle may be used to graphically or 

analytically determine the moments and product of 

inertia for any other rectangular axes including the 

principal axes and principal moments and products 

of inertia.
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The moments and product of inertia 

with respect to the x and y axes are Ix = 

7.24x106 mm4, Iy = 2.61x106 mm4, and 

Ixy = -2.54x106 mm4.

Using Mohr’s circle, determine (a) the 

principal axes about O, (b) the values of 

the principal moments about O, and (c) 

the values of the moments and product 

of inertia about the x’ and y’ axes

SOLUTION:

• Plot the points (Ix , Ixy) and (Iy ,-Ixy).  

Construct Mohr’s circle based on the 

circle diameter between the points.

• Based on the circle, determine the 

orientation of the principal axes and the 

principal moments of inertia.

• Based on the circle, evaluate the 

moments and product of inertia with 

respect to the x’y’ axes.
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46

46

46

mm1054.2

mm1061.2

mm1024.7

−=

=

=

xy

y

x

I

I

I

SOLUTION:

• Plot the points (Ix , Ixy) and (Iy ,-Ixy).  Construct Mohr’s 

circle based on the circle diameter between the points.

( )

( )

( ) ( ) 4622

46

2
1

46

2
1

mm10437.3

mm10315.2

mm10925.4

=+=

=−=

=+==

DXCDR

IICD

IIIOC

yx

yxave

• Based on the circle, determine the orientation of the 

principal axes and the principal moments of inertia.

=== 6.472097.12tan mm
CD

DX
 = 8.23m

RIOAI ave +==max
46

max mm1036.8 =I

RIOBI ave −==min
46

min mm1049.1 =I
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46

46

mm10437.3

mm10925.4

=

==

R

IOC ave

• Based on the circle, evaluate the moments and product 

of inertia with respect to the x’y’ axes.

 The points X’ and Y’ corresponding to the x’ and y’ axes 

are obtained by rotating CX and CY counterclockwise 

through an angle  = 2(60o) = 120o.  The angle that CX’ 

forms with the x’ axes is  = 120o - 47.6o = 72.4o.

o
avey RIYCOCOGI 4.72coscos' −=−== 

46mm1089.3 =yI

o
avex RIXCOCOFI 4.72coscos' +=+== 

46mm1096.5 =xI

o
yx RYCXFI 4.72sinsin' === 

46mm1028.3 =yxI
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• Angular acceleration about the axis AA’ of the 

small mass m due to the application of a 

couple is proportional to r2m.

r2m = moment of inertia of the 

mass m with respect to the 

axis AA’

• For a body of mass m the resistance to rotation 

about the axis AA’ is

inertiaofmomentmassdmr

mrmrmrI

==

+++=


2

2
3

2
2

2
1 

• The radius of gyration for a concentrated mass 

with equivalent mass moment of inertia is

m

I
kmkI == 2
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• Moment of inertia with respect to the y coordinate 

axis is

( ) +== dmxzdmrI y
222

• Similarly, for the moment of inertia with respect to 

the x and z axes,

( )
( )



+=

+=

dmyxI

dmzyI

z

x

22

22

• In SI units,

( )22 mkg ==  dmrI

In U.S. customary units,

( ) ( )22
2

2 sftlbft
ft

slb
ftslugI =













 
==
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• For the rectangular axes with origin at O and parallel 

centroidal axes,

( ) ( ) ( ) 
( ) ( )



+++++=

+++=+=

dmzydmzzdmyydmzy

dmzzyydmzyI x

2222

2222

22

( )22 zymII xx ++= 

( )
( )22

22

yxmII

xzmII

zz

yy

++=

++=





• Generalizing for any axis AA’ and a parallel centroidal 

axis,

2mdII +=
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• For a thin plate of uniform thickness t and homogeneous 

material of density , the mass moment of inertia with 

respect to axis AA’ contained in the plate is

areaAA

AA

It

dArtdmrI

,

22





=

== 





• Similarly, for perpendicular axis BB’ which is also 

contained in the plate,

areaBBBB ItI , = 

• For the axis CC’ which is perpendicular to the plate,

( )

BBAA

areaBBareaAAareaCCC

II

IItJtI





+=

+== ,,, 
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• For the principal centroidal axes on a rectangular plate,

( ) 2
12
13

12
1

, mabatItI areaAAAA ===  

( ) 2
12
13

12
1

, mbabtItI areaBBBB ===  

( )22
12
1

,, bamIII massBBmassAACC +=+= 

• For centroidal axes on a circular plate,

( ) 2
4
14

4
1

, mrrtItII areaAABBAA ====  

2
2
1 mrIII BBAACC =+= 
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• Moment of inertia of a homogeneous body 

is obtained from double or triple 

integrations of the form

= dVrI 2

• For bodies with two planes of symmetry, 

the moment of inertia may be obtained 

from a single integration by choosing thin 

slabs perpendicular to the planes of 

symmetry for dm.

• The moment of inertia with respect to a 

particular axis for a composite body may 

be obtained by adding the moments of 

inertia with respect to the same axis of the 

components.
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Determine the moments of inertia of a slender rod of 

length L and mass m with respect to an axis which is 

perpendicular to the rod and passes through one end 

of the rod
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2

0

22

3

1

L

m

L

m

mLdxxdmxI

dxdm

L

y ===

=


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For the homogeneous rectangular prism shown, 

determine the moments of inertia with respect to the z 

axis
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( )2222
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0
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4
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1

3

1
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1

3

1

12

1
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1
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1

12

1

bamabm

abcab
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bcdxxbdmxdIdI
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a
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
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
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Determine the moments of inertia  of a right circular 

cone with respect to (a) its longitudinal axis, (b) an 

axis through the apex of the cone and perpendicular to 

its longitudinal axis, (c) an axis through the centroid 

of the cone and perpendicular to its longitudinal axis
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dxx
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x
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dxrdm
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







+=









−








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−=

=
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Determine the moments of inertia 

of the steel forging with respect to 

the xyz coordinate axes, knowing 

that the specific weight of steel is 

490 lb/ft3.

SOLUTION:

• With the forging divided into a prism and 

two cylinders, compute the mass and 

moments of inertia of each component 

with respect to the xyz axes using the 

parallel axis theorem.

• Add the moments of inertia from the 

components to determine the total moments 

of inertia for the forging.
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( )( )
( )( )

ftslb0829.0

sft2.32ftin1728

in31lb/ft490

:cylindereach 

2

233

323

=


==

m

g

V
m



 

( ) ( ) ( ) ( )( )
23

2

12
5.22

12
32

12
1

12
1

222

12
1

sftlb1017.4

0829.030829.0

3

=

+





 +=

++=

−

xmLamI y

   

( ) ( ) ( ) ( ) ( ) ( )

23

2

12
22

12
5.22

12
32

12
1

12
1

2222

12
1

sftlb1048.6

0829.030829.0

3

=






 ++





 +=

+++=

−

yxmLamI y

( )( ) ( )( )
23

2

12
22

12
1

2
1

22

2
1

sftlb1059.2

0829.00829.0

=

+=

+=

−

ymmaIx

cylinders( ):in.2.,in5.2.,in3,.in1 ==== yxLaSOLUTION:

• Compute the moments of inertia 

of each component with respect 

to the xyz axes.
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( )( )

( )( )
ftslb211.0

sft2.32ftin1728

in622lb/ft490

  :prism

2

233

33

=


==

m

g

V
m



prism (a = 2 in., b = 6 in., c = 2 in.):

  ( ) ( ) ( )

23

2

12
22

12
6

12
122

12
1

sftlb 1088.4

211.0

=






 +=+==

−

cbmII zx

  ( ) ( ) ( )

23

2

12
22

12
2

12
122

12
1

sftlb 10977.0

211.0

=





 +=+=

−

acmI y

• Add the moments of inertia from the 

components to determine the total moments of 

inertia. ( )33 1059.221088.4 −− +=xI

23 sftlb1006.10 = −
xI

( )33 1017.4210977.0 −− +=yI

23 sftlb1032.9 = −
yI

( )33 1048.621088.4 −− +=zI

23 sftlb1084.17 = −
zI
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• IOL = moment of inertia with respect to axis OL

dmrdmpIOL
22

 ==




• Expressing in terms of the vector 

components and expanding yields 

r


  and  

xzzxzyyzyxxy

zzyyxxOL

III

IIII





222

222

−−−

++=

• The definition of the mass products of inertia of a 

mass is an extension of the definition of product of 

inertia of an area

xzmIdmzxI

zymIdmyzI

yxmIdmxyI

xzzx

zyyz

yxxy

+==

+==

+==












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Ellipsoid of Inertia.  Principal Axes of Inertia of a Mass
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• Assume the moment of inertia of a body has been 

computed for a large number of axes OL and that point 

Q is plotted on each axis at a distance OLIOQ 1=

• The locus of points Q forms a surface known as the 

ellipsoid of inertia which defines the moment of inertia 

of the body for any axis through O. 

• x’,y’,z’ axes may be chosen which are the principal 

axes of inertia for which the products of inertia are 

zero and the moments of inertia are the principal 

moments of inertia.
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Introduction

10 - 3

• Principle of virtual work - if a particle, rigid body, or system of 

rigid bodies which is in equilibrium under various forces is given 

an arbitrary virtual displacement, the net work done by the external 

forces during that displacement is zero.

• The principle of virtual work is particularly useful when applied 

to the solution of problems involving the equilibrium of 

machines or mechanisms consisting of several connected 

members.

• If a particle, rigid body, or system of rigid bodies is in equilibrium, 

then the derivative of its potential energy with respect to a variable 

defining its position is zero.

• The stability of an equilibrium position can be determined from the 

second derivative of the potential energy with respect to the position 

variable.
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Work of a Force
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rdFdU


= =  work of the force     corresponding to 

the displacement 

F


rd


cosdsFdU =

dsFdU +== ,0 0,
2

== dUdsFdU −== ,

WdydU =
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Work of a Force

10 - 5

Forces which do no work:

• reaction at a frictionless pin due to rotation of a body 

around the pin 

• reaction at a frictionless surface due to motion of a 

body along the surface

• weight of a body with cg moving horizontally

• friction force on a wheel moving without slipping

Sum of work done by several forces may be zero:

• bodies connected by a frictionless pin

• bodies connected by an inextensible cord

• internal forces holding together parts of a rigid body
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Work of a Couple
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( )





dM

rdFdsFrdF

rdrdFrdFW

=

===

++−=

22

211




Small displacement of a rigid body:

• translation to A’B’

• rotation of B’ about A’ to B”
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Principle of Virtual Work

10 - 7

• Imagine the small virtual displacement of particle which 

is acted upon by several forces.

• The corresponding virtual work,

( )
rR

rFFFrFrFrFU








=

++=++= 321321

Principle of Virtual Work:  

• If a particle is in equilibrium, the total virtual work of forces 

acting on the particle is zero for any virtual displacement.

• If a rigid body is in equilibrium, the total virtual work 

of external forces acting on the body is zero for any 

virtual displacement of the body.

• If a system of connected rigid bodies remains connected 

during the virtual displacement, only the work of the 

external forces need be considered.
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• Wish to determine the force of the vice on the 

block for a given force P.

• Consider the work done by the external forces 

for a virtual displacement .  Only the forces P 

and Q produce nonzero work.

CBPQ yPxQUUU  −−=+== 0





cos2

sin2

lx

lx

B

B

=

=





sin

cos

ly

ly

C

C

−=

=





tan

sincos20

2
1 PQ

PlQl

=

+−=

• If the virtual displacement is consistent with the 

constraints imposed by supports and connections, 

only the work of loads, applied forces, and 

friction forces need be considered.
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Real Machines.  Mechanical Efficiency

10 - 9









cot1

sin

cos2

input work

koutput wor

−=

=

=

Pl

Ql

( )





−=

−+−=

=−−−=

tan

cossincos20

0

2
1 PQ

PlPlQl

xFyPxQU BCB

• When the effect of friction is 

considered, the output work is reduced.

machine ideal ofk output wor

machine actual ofk output wor

efficiency mechanical 

=

=

• For an ideal machine without friction, the 

output work is equal to the input work.
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Determine the magnitude of the couple M required to 

maintain the equilibrium of the mechanism.

SOLUTION:

• Apply the principle of virtual work

D

PM

xPM

UUU





+=

+==

0

0





sin3

cos3

lx

lx

D

D

−=

=

( ) sin30 lPM −+=

sin3PlM =
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Sample Problem 10.2

10 - 11

Determine the expressions for   and for the tension in the 

spring which correspond to the equilibrium position of the 

spring.  The unstretched length of the spring is h and the 

constant of the spring is k.  Neglect the weight of the 

mechanism.

SOLUTION:

• Apply the principle of virtual work

CB

FB

yFyP

UUU





−=

=+=

0

0





cos

sin

ly

ly

B

B

=

=





cos2

sin2

ly

ly

C

C

=

=

( )

( )hlk

hyk

ksF

C

−=

−=

=

sin2

( ) ( )( ) cos2sin2cos0 lhlklP −−=

PF

kl

khP

2
1

4

2
sin

=

+
=
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Sample Problem 10.3
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A hydraulic lift table consisting of two 

identical linkages and hydraulic cylinders 

is used to raise a 1000-kg crate.  Members 

EDB and CG are each of length 2a and 

member AD is pinned to the midpoint of 

EDB.  

Determine the force exerted by each 

cylinder in raising the crate for  = 60o, a 

= 0.70 m, and L = 3.20 m.

DHFW QQU  +== 0

• Apply the principle of virtual work for a 

virtual displacement  recognizing that only 

the weight and hydraulic cylinder do work.

• Based on the geometry, substitute expressions 

for the virtual displacements and solve for the 

force in the hydraulic cylinder.

SOLUTION:

• Create a free-body diagram for the platform 

and linkage.
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SOLUTION:

• Create a free-body diagram for the platform.

sFyW

QQU

DH

FW DH





+−=

+==

2
10

0

• Apply the principle of virtual work for a virtual 

displacement  

• Based on the geometry, substitute expressions for the 

virtual displacements and solve for the force in the 

hydraulic cylinder.





cos2

sin2

ay

ay

=

=

( )










s

aL
s

aLss

aLLas

sin

sin22

cos2222

=

−−=

−+=

( )








cot

sin
cos20

2
1

L

s
WF

s

aL
FaW

DH

DH

=

+−=

kN15.5=DHF
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Work of a Force During a Finite Displacement
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• Work of a force corresponding to an 

infinitesimal displacement,

cosdsF

rdFdU

=

=


• Work of a force corresponding to a finite 

displacement,

( )=→

2

1

cos21

s

s

dsFU 

• Similarly, for the work of a couple,

( )1221 



−=

=

→ MU

MddU
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Work of a Force During a Finite Displacement

10 - 15

Work of a weight,

yW

WyWy

WdyU

WdydU

y

y

−=

−=

−=

−=

→

21

21

2

1

Work of a spring,

( )

2
22

12
12

1

21

2

1

kxkx

dxkxU

dxkxFdxdU

x

x

−=

−=

−=−=

→

( ) xFFU 212
1

21 +−=→
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Potential Energy
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• Work of a weight

2121 WyWyU −=→

The work is independent of path and depends only on 

potential energy of the body with 

respect to the force of gravity W
== gVWy

( ) ( )
2121 gg VVU −=→

• Work of a spring,

( ) ( )

=

−=

−=→

e

ee

V

VV

kxkxU

21

2
22

12
12

1
21

potential energy of the body with 

respect to the elastic force F

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Potential Energy
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• When the differential work is a force is given by an 

exact differential,

energypotentialinchangeofnegative

VVU

dVdU

=

−=

−=

→ 2121

• Forces for which the work can be calculated from a change 

in potential energy are conservative forces.
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Potential Energy and Equilibrium
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• When the potential energy of a system is known, 

the principle of virtual work becomes








d

dV

d

dV
VU

=

−=−==

0

0

• For the structure shown,

( ) ( ) cossin2
2

2
1

2
2
1

lWlk

WykxVVV CBge

+=

+=+=

• At the position of equilibrium,

( )Wkll
d

dV
−== 


cos4sin0

indicating two positions of equilibrium.
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Stability of Equilibrium
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0
2

2


d

Vd
0

2

2


d

Vd

0=
d

dV

Must examine higher 

order derivatives.
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Knowing that the spring BC is unstretched 

when  = 0, determine the position or 

positions of equilibrium and state whether 

the equilibrium is stable, unstable, or 

neutral.

SOLUTION:

• Derive an expression for the total potential 

energy of the system.

ge VVV +=

• Determine the positions of equilibrium by 

setting the derivative of the potential 

energy to zero.

0=
d

dV

• Evaluate the stability of the equilibrium 

positions by determining the sign of the 

second derivative of the potential energy.

0
2

2


d

Vd ?
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SOLUTION:

• Derive an expression for the total potential energy of the 

system.

( ) ( ) cos
2

2
1

2

2
1

bmgak

mgyks

VVV ge

+=

+=

+=

• Determine the positions of equilibrium by setting the 

derivative of the potential energy to zero.

( )( )

( )( )( )








8699.0

m3.0sm81.9kg10

m08.0mkN4
sin

sin0

2

22

2

=

==

−==

mgb

ka

mgbka
d

dV

=== 7.51rad902.00 
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( ) ( ) cos
2

2
1 bmgakV +=




sin0 2 mgbka
d

dV
−==

==

=

7.51rad902.0

0





• Evaluate the stability of the equilibrium positions by 

determining the sign of the second derivative of the 

potential energy.

( )( ) ( )( )( )








cos43.296.25

cosm3.0sm81.9kg10m08.0mkN4

cos

22

2

2

2

−=

−=

−= mgbka
d

Vd

at  = 0: 083.3
2

2

−=
d

Vd
unstable

at  = 51.7o: 036.7
2

2

+=
d

Vd
stable
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